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ABSTRACT 

The thesis contains seven chapters.The first chapter gives an introduction 

about the soil characteristics, its composition, genesis. The solute transport 

processes for the transport of   contaminants in soil and basic mathematical 

equations governing the transport of contaminant in soil with different 

possible solution techniques have been discussed. The importance of fluoride 

as a micro-nutrient for mammals as well as its harmful effects if its presence 

exceeds a specified level has been discussed. Thus, the need for a 

mathematical model, with an underlying physical concept, to assess its 

transport in soil and as a result in groundwater is necessitated. 

The second chapter is about the review of literature undertaken for a 

comprehensive understanding of fluoride in soil. The different fluoride 

producing sources and factors affecting its availability in soil have been 

studied. The literature study gives insight about the chemically reactive 

nature and complex migration processes of fluoride in soil. 

The third chapter entitled Mathematical Formulation and Solution for 

Fluoride Ion Transport in Soil studies the fluoride transport process modelled 

on the soil water column experiment conducted in the laboratory. While 

developing the mathematical model soil column has been assumed to be a 

homogeneous and isotropic porous medium that is having same water 

content, bulk density and retention factor. Only the vertical steady-state flow 

of water perpendicular to the soil layer is investigated. Also, the application 

of fluoride as a contaminant is considered to be pulse type as per the 

laboratory experimental conditions. The contaminant is considered as 

degrading type with first order degradation. The equation is solved 

analytically as well as numerically assuming pulse type boundary conditions 

with some initial concentration of fluoride already present in soil. The values 

of the parameters to be used are taken as used in soil column experiment. The 

results obtained both analytically and numerically for   leachable fluoride 



 

 
 

remaining at time t in the soil column at different values of added fluoride 

are represented graphically. The pore volume and relative concentration 

profile for leached fluoride concentration are also represented graphically.  

The study of graphs shows that analytical results are more comparable to 

experimental results as compared to the numerical results. The numerical 

simulation also exhibits a fair comparison of the experimental and simulated 

values. The one-dimensional model provides valuable insights into the 

processes that are involved in transport of fluoride in soil systems. 

In chapter 4, a two-dimensional model for fluoride transport in soil has been 

presented in which, the transverse component of velocity and dispersion 

coefficients are also considered along with the longitudinal components. The 

initial and pulse-type boundary conditions have been considered.  The 

longitudinal and transverse seepage velocities have been taken to be constant. 

The properties of soil column experiment are extended to the two-

dimensional model also and therefore in the model it is assumed that the soil 

medium to be homogeneous, isotropic saturated and of semi-infinite in 

horizontal plane. Since fluoride is reactive in nature and has the tendency to 

get adsorbed in the medium retardation factor and a first order decay term as 

a constant is also considered. Since, in the earlier chapter for one dimensional 

model, the analytical solution shows more comparison with observed 

experimental values, the solution for two-dimensional model is obtained 

analytically by employing Laplace Transform technique. 

The concentration values of fluoride have been obtained from the analytical 

solution in the presence of initial fluoride concentration for a chosen set of 

numerical values of the different variables and represented graphically. 

In Chapter 5 a one-dimensional advection diffusion mathematical model to 

assess the transport of fluoride in presence of chemical moieties present in 

soil environment has been presented. The transient flow of velocity has been 



 

 
 

considered exponential in one case and sinusoidal for another case. The 

solution of the model is obtained analytically and results obtained for 

leachable fluoride vs time have been plotted for steady state and transient 

state in presence of different hydroxides. 

It has been observed that under transient flow conditions, for the exponential 

form of velocity, the leachable fluoride ion concentration decreases faster 

than in the sinusoidal form of velocity. The concentration levels for 

sinusoidal form of velocity are higher than that of exponential form of 

velocity. The analytical results obtained for steady state are in consonance 

with the experimental values and therefore offer good comparison. The 

model can be used to represent realistic conditions where field conditions are 

same as in the study. 

Chapter 6 represents an attempt to model chemical ion transport through soil 

using Laplace Adomian Method. The effect of an external pressure / force in 

the form of gravitational force on flow through a porous medium has been 

studied by assuming the flow to be Newtonian. The chapter employs Laplace 

Adomian Decomposition Method to solve the equation for boundary layer 

flow of an incompressible fluid in the absence of pressure gradient. The study 

has been carried out for the flow in soil subject to external forces like gravity. 

In chapter 7 future scope and prospects of the study have been discussed. The 

vadose zone is highly complex and is not a homogeneous and isotropic 

medium as considered in the study. The field situations are quite different 

from the laboratory conditions and therefore, the present model has its 

limitations in predicting confidently the presence of fluoride ion in a regional 

aquifer. Future works in developing a model for fluoride transport must 

include actual filed like situations. Also, the present mathematical model may 

be solved using different numerical schemes of finite difference and finite 

element or finite volume method and the results so obtained may be validated 

with the experimental or actual field like situations. 
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1.1 SOIL 

“Soil  is  the unconsolidated  mineral  and  organic  matter  on  the  surface  

that has  been  subjected  to  and  influenced  by  genetic  and  environmental  

factors of   parent  material,  climate  (including   moisture and temperature 

effects), macro-and  microorganisms, topography, all acting over a period of 

time and producing a product – soil – that  differs from the material from 

which it is derived in many physical chemical, biological and morphological 

properties and characteristics.” [1]. The basis of standard classification of soil 

into sand, silt and clay is the size distribution of mineral solid particles. The 

characteristic size distribution of sand, silt and clay particles is shown in 

following table. 

Soil particle size [2] 

Particle Diameter 

(mm) 

Number per 1 gram 

of soil 

Surface area (cm2) 

per 1 gram of soil 

Sand 0.05−2 89×105−112 15−308 

Silt 0.002−0.05 2×107 888 

Clay <0.002 4×1011 4×105 (non-

swelling) 

8×106 (swelling) 

 

A valid concept of the nature of soil must take into account not only the 

common perception that soil is simply a mixture of unconsolidated material 

resulting from the weathering processes of underlying rocks, but is a natural 

body, having mineral and organic component as well as physical, chemical 

and biological properties. Therefore, the combined properties of all soil 

components cannot be considered to be reflective of soil. Any classification 

of soil suffers from the disadvantage that it is impossible to relate it to the 
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great complexities of soil genesis and properties. The terms used in defining 

the soil in different systems seldom is exactly equivalent.  

Soil composition is extremely diverse and its formation is governed by many 

different factors like climatic conditions, parent material, relief, organisms 

and time, the former two being the most predominant ones. Soil is described 

as a three-phase system namely: Soil solid (mineral and organic), liquid and 

gaseous. The properties exhibited by soil are representative of the physical 

and chemical equilibrium of three phases. The chemical compositions of the 

solid component of soil, its mineral structure and the state of dispersion are 

the main factors influencing soil properties. 

The formation of soil from parent material is a two-stage process. The first 

being a destructive stage -the disintegration of the primary mineral 

constituents of the parent rock by the physical and chemical processes of 

weathering. The second stage (pedogenesis), the constructive stage –

resulting in the formation of a soil profile from the weathered rocked 

material. As a result of this interactive process a mature soil is developed as 

the end product. The distinction between weathering and pedogenic 

processes, mainly controlling the finally developed soil, cannot be made 

effectively on the grounds that they may occur at the same time at the same 

locales. 

1.2 SOIL CONSTITUENTS 

As a rule, soil is a three-dimensional framework, made up of a solid, a liquid 

and a gaseous phase, wherein proportion of each phase is a function of the 

quantity of its constituents and their kinetic roles in the complex series of 

reactions, leading to soil formation. Following figure illustrates the 

composition by volume of an average soil. 
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Fig. 1. Composition by volume of an average soil 

 

THE SOLID PHASE-- 

MINERALS- 

Weathering and pedogenic processes are steady hazard to the mineral 

constituent of soil inherited from the parent rocks. The processes of 

degradation and neo formation of minerals and their reaction with organic 

compounds complicates the soil mineral system, which may not be in 

equilibrium with the soil solution. According to the susceptibility to 

weathering processes, the prevailing primary minerals in soil inherited from 

the parent material can be arranged as 

• Series of felsic minerals; plagioclase > K-feldspar muscovite > 

quartz, 

• Series of mafic minerals; olivine>pyroxenes > amphiboles > 

biotic. 

SOIL

Solid phase

Minerals 
about 45%

Organic 
matter about 

5%

liquid phase

Soil water 
about 25% 

Gaseous phase

Soil air about 
25%
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 The importance of soil minerals is high as they have high surface area and 

equip the soil with ions while its dissolution. Some soil minerals may be 

charged and participate in exchange reactions.  

ORGANIC MATTER- 

The 5%weight of soil comprises organic matter mainly contributed by dead 

parts of vegetation and animals along with airborne dusts and applied 

chemicals. The presence of multitude of organic matter in soil with different 

particle size and different degrees of decomposition gives rise to organics 

with different solubilities and functional groupings. 

THE LIQUID PHASE – SOIL WATER 

A considerable bulk volume of soil is usually occupied by voids which may 

be completely or partially filled with water. Precipitation and groundwater 

are the chief resources for soil water. The climate and the water balance 

between the atmosphere and the plant-soil system are the main factors 

affecting the amount of soil moisture. The water loss from soil is the sum of 

evaporation and plant transpiration, the combined process being 

evapotranspiration which is an important part of water cycle and depends 

directly on the climatic conditions as well as the properties of the plant-soil 

system. The soil water retains the salts in solution and thus the soil water acts 

as an aqueous solution of salts.  

 

THE GASEOUS PHASE – SOIL AIR 

Soil air is the characteristic name given to gaseous phase of the soil wherein 

the soil pores get filled with air that is the mixtures of gases, as the water 

drains from soil pores. Mass flow of these gases in the aerated zone is 

dependent on the difference in total pressure between the soil air and the 

atmosphere. This pressure difference is governed by temperature, pressure, 

and moisture conditions. The composition of soil air is slightly different from 
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that of atmospheric air. It contains 1–6% less oxygen, more CO2 (10 to 150 

times) and an increased amount of water vapour than atmospheric air. 

The CO2 content in the soil increases due to the decomposition of organic 

substances by soil microorganisms, roots breathing, and insufficient aeration.  

Carbonic acid (H2CO3) is formed as a result of reaction of carbon dioxide 

with water, which is an important regulator of soil reaction (pH range of 5.2 

to 6.5) and also acts directly during the plant nutrition by carbon. As a result 

of the differences in the concentration of CO2 and O2, between soil air and 

the atmosphere, partial pressure gradients are formed between the two 

systems along which CO2 moves from the soil to the atmosphere, while the 

oxygen flow takes place in the opposite direction. Temperature gradients and 

replacement of atmospheric gases into the soil in sites by rainwater, irrigation 

and drainage are also the processes responsible for gas exchange between soil 

air and the atmosphere. Beside the major constituents, minor or trace amounts 

of other gases may occur in the soil air, originating from deep-seated sources 

or as products of organic or mineral reactions in the soil environment. 

1.3 PROCESSES OF SOIL GENESIS 

Weathering processes 

Weathering is the integral part of the process of soil formation. A process of 

complex interaction between the lithosphere, the atmosphere and the 

hydrosphere, weathering characterises the means by which rocks, minerals 

are changed by physical and chemical processes into soil and other soil 

components. Dissolution, hydration, hydrolysis, oxidation, reduction and 

carbonation are the various chemical processes representing weathering. The 

destruction of parent minerals and removal of the elements from the minerals 

into solution and suspensions is a consequence of chemical weathering. In 

simplified form, the basic weathering processes can be defined as follows: 

➢ Hydrolysis-dissociation of H2O into H+ and OH- ions which on 

combining with minerals produce new compounds 
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➢ Hydration-chemical combination of water molecules with minerals 

leading to increase in their water content 

➢ Oxidation-incorporation of the oxygen into chemical components 

accelerated in the presence of soil moisture.  

➢ Reduction-process of removal of oxygen and is the reverse of 

oxidations 

➢ Dissolution-minerals are soluble in the aquatic phase and are removed 

by continuous action of water 

➢ Carbonation- incorporation of CO2 leads to transformation of 

compounds into carbonates.  

The mineral composition of the earth surface environment determines the 

effectiveness of the above reactions. 

 

Pedogenic processes 

In addition to weathering, formation and decay of organic matter also leads 

to the formation of a particular soil profile. Several pedogenic processes 

namely leaching and evaporation of water, biochemical actions of living 

matter and bacteria also contribute to soil profile genesis. The four major 

heads under which soil forming processes are classified are as follows: - 

➢ Additions: of organic material by decomposing vegetation and living 

organisms and new mineral material by wind and soil  

➢ Losses: of the materials from the soil via leaching, erosion, evaporation  

➢ Translocation: of these materials within the soil, both vertically and 

horizontally 

➢ Transformation: of organic and minerals through chemical weathering 

and decomposition in the soil.  
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The above-mentioned processes are both constructive and destructive in 

nature. The nature of eventual soil that is formed is governed by the following 

six factors - 

➢ Parent material (the nature of minerals) 

➢ Topography (slope or landform) 

➢ Vegetation and other soil biota 

➢ Anthropogenic activity (degradation, fertilisation, mis -management 

re-cultivation)  

➢ Climate (temperature, rainfall, wind, ice formation etc) 

➢ Time  

Thus, various interactions between the soil, solid and gaseous phases, biota 

and the soil solutions govern the dynamic equilibrium between soil 

components 

 

1.4 TRANSPORT IN SOIL 

The transport of dissolved solutes may take place through the soil solution 

(diffusion) via Brownian motion of ions (molecules) and also with the 

moving soil solution (mass flow, leaching). Solutes are also transported by 

mass flow, however for those solutes, which have a low concentration in the 

soil solution, diffusive flux, dominate the transport process. 

 Molecular diffusion plays an important role in the hydrodynamic dispersion 

of species dissolved in water flowing through soil. A solute applied as a pulse 

to a solution flowing through soil will disperse increasingly as it moves 

down. This arises from both convection and from molecular diffusion and the 

relative importance of each depends on the flow rate and packing 

characteristics of the soil. 

The leaching of solutes downward to the profiles is found to be greater than 

their accumulation in soils of cool and humid climate, except for their higher 
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input. In contrast to this the upward translocation of solutes dominates in the 

soils of warm, dry climate.  

  

Adsorption 

The term “adsorption” is commonly used for the process by which 

constituents from solution get attached to the surfaces of soil particles. 

Surface characteristics of organic and inorganic components of soils and the 

corresponding environmental factors govern the adsorption processes in soil. 

Adsorption of ionic species at charged surfaces is caused by electrostatic 

forces and can be explained by Coulomb’s law of attraction between unlike 

charges and repulsion between like charges. 

Large amounts of the solute ions in the soil are bound to soil particles, 

particularly clay particles. This binding is possible because the clay particle 

surface has a net negative charge, thus causing it to attract solute ions to the 

surface forming a diffuse double layer (Figure .2). 

 

   

 

Fig. 2. Formation of diffuse double layer 

 

The mobility of adsorbed ions is linked to their degree of hydration. It is 

assumed that the mobility of anions that are covalently bound to the surface 



 

10 
 

is negligible with respect to liquid phase diffusion. Similarly, the adsorbed 

phase diffusion of un-hydrated cations may be a rate-limiting step in the 

weathering of minerals and the adsorption and desorption. Mobility of 

cations in the adsorbed phase is often ignored or introduced as an excess term  

Summing up, it is concluded any solute/element introduced in to the soil may 

go through any of the following processes 

➢ Occlusion or getting fixed into soil minerals, 

➢ Incorporation into biological material, 

➢ Dissolution in soil solution, 

➢ Precipitation with other compounds in soils 

 

1.5 SOIL POLLUTION 

The persistence high presence of toxic chemicals, contaminants and salts, 

radioactive materials which have adverse effects on plant growth, wild life, 

humans and soil itself can be defined as soil pollution. 

The presence of man-made chemicals or other alteration in the natural soil 

environment is the major causes of soil pollution. The reasonable use of 

chemical compounds like pesticides, petroleum hydrocarbons, solvents etc is 

beneficial for agricultural production improvements and some kind of disease 

controls also. But the remnants of these chemical compounds and the ability 

of soil to tether various chemicals makes it a major reservoir for 

contaminants. These chemicals are bound to soil particles under the action of 

different forces and exist in various forms in soil. In order to avoid health 

risks from these toxic chemicals it is imperative to study and understand the 

interaction between them and soil as the toxicity of chemicals may strongly 

depend on the form in which they exist in the environment. The equilibrium, 



 

11 
 

found in soil environment, is a function of soil variability and some 

environmental properties (e.g. precipitation, climatic factors), which on 

alteration causes leaching of toxic elements and ions like fluoride tightly 

bound to soil particles. 

A highly influential soil forming process, leaching is primarily responsible 

for migration of soil nutrients and pollutants. Leaching occurs either by active 

transport mostly directly by excess precipitation or passive permeation due 

to soil acidification. Improper application or overfertilization in agricultural 

areas is a potential threat to the ground water quality chiefly because of 

leaching of salts through macropores along with percolating water [3]. As the 

water moves through the soil profile, it dissolves additional salts from the 

soil and transports them to subsurface and ground water [4].  The relative 

mobility or fluidity of water along with salt movement defines the leaching 

rates of salts because diffusion of salt is accompanied by diffusion of water 

in saturated soils. This infiltration of pollutants into soil and resultant 

leaching during irrigation, rain events and water percolation leads to 

contamination of subsurface and ground water [5]. Macro porosity of soil and 

laminar flow of water in cracks and channels in soil may affect leaching [6, 

7]. Soil type, vegetation, applied water quality, ion exchange [8], pH [9], 

temperature, initial moisture content [10] also affect leaching process in soil.  

The fluoride wastes mostly produced by the industries dealing with 

aluminium, steel, glass and fertilisers find their way into the environment due 

to their interactive and reactive nature. In general, they may react with 

particular species, change oxidation states and precipitate [11] or may be 

bound or sorbed by particular natural substances, which may change their 

mobility. The study of distribution of an element amongst defined chemical 

species is called speciation [12].  
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Sorption of Fluoride in Soil 

Sorption in soil is a physicochemical process wherein one substance gets 

attached to another either by absorption or adsorption and thus immobilises 

the introduced foreign substance like fluoride ions. The principal factors 

governing the sorption in soil are sorprtive concentration i.e. amount of clay 

and organic fraction, solution pH, sorptive size, water content, temperature 

of the soil and sorptive and sorbent charge [13].  

The soil sorption complex comprises of clay minerals, oxides, sesquioxides 

and hydrous oxides of minerals. The total amount of clay minerals in soil 

bulk is a deterministic factor in the soil sorption complex.  

In case of high fluoride surface loading conditions increasing pH reduces 

fluoride adsorption. Also, in presence of competing anions fluoride 

adsorption reduces. 

 

Solute Transport Processes 

The study of solute transport processes in soils is important as some 

chemicals are required for soil and plant health (e.g. micronutrients) and 

other chemicals may be highly toxic particularly if they are present in high 

concentrations. The study of the fate of contaminants is vital to control the 

extent of contaminant migration in the subsurface. These processes can be 

classified on the basis of type of contaminant. For dissolved (non-reactive) 

contaminants, uninfluenced by chemical reactions or biodegradation, the 

three main processes of transport in soil subsurface are: advection, diffusion 

and dispersion. In case of reactive solutes, the transport is also governed by 

adsorption/desorption, chemical reactions, dissolution, precipitation and 

biodegradation along with the above-mentioned processes. 

 

1.6 MATHEMATICAL APPROACH TO FLUORIDE TRANSPORT 

The development of industry and agriculture has resulted in increase in the 

amount of contaminant entering the subsurface system and polluting soil and 
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groundwater and resultantly affecting human health. Fluoride is a naturally 

present contaminant and finds its way in the soil environment via agricultural 

operations like application of pesticides containing phosphates or release of 

industrial wastes. Mathematical models are pivotal to understand the 

migration and mobility of a contaminant/fluoride ion in soil and predict their 

fate. 

The fundamental solute transport equation also known as the advection-

dispersion equation along with the case specific initial and boundary 

conditions forms solute transport model. The following points define the 

classical definitions of advection, diffusion and dispersion and then delves in 

to the solute transport equation. 

Diffusion 

Diffusion, a micro-scale process is caused by the random movement of 

molecules of solute dissolved in water. It results in migration of contaminant 

from the area of a higher concentration to the area of a lower concentration. 

Thus, diffusion ceases to occur when the difference in concentration i.e. the 

concentration gradient becomes zero. Diffusion is independent of fluid flow 

and also the direction of contaminant movement. Diffusive transport is 

described using Fick’s first law of Diffusion. 

 

Fig. 3. Diffusion only 
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Advection 

Advection refers to the transport of dissolved contaminant with (in) the 

moving fluid i.e. groundwater., and it refers to the average linear flow 

velocity of the bulk of contaminant. Due to advection the average velocity of 

contaminants is assumed to be same as that of average fluid velocity.  

The seepage velocity can be represented as 

 
𝜐𝑠 =

𝐾𝑐ℎ

𝛼
 

(1) 

Where, Kc is the hydraulic conductivity, h is the hydraulic gradient and 𝛼 is 

the porosity of the porous material. 

 

Fig . 4. Advection only ( Where 𝐶0 =Initial Concentration, 

𝐶𝑏 =Background Concentration ) 

 

Dispersion 

The spreading of dissolved contaminants as a result of heterogeneous 

distribution of groundwater velocities within and between different soil pores 

is defined as dispersion. The contaminant flux is dependent on its charge, 

pore size, path length and friction in pores.  Mechanical dispersion takes 

place on the pore scale and is caused as a result of variable velocities across 

the pore cross section. 

This summed up effect of mechanical dispersion and molecular diffusion is 

called hydrodynamic dispersion. Mechanical dispersion dominates 

molecular diffusion in the liquid phase, except when the fluid velocity is 
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relatively small or is negligible whereas diffusion dominates the subsurface 

transports in low permeability media e.g. clays, rock matrices etc. 

Longitudinal dispersion takes place along the direction of the flow path and 

transverse dispersion along direction normal to the direction of the flow path. 

Figure .5 represents the one-dimensional dispersion of the contaminant 

results in a dilution of the contaminants at the advancing edge of flow by 

considering only longitudinal hydrodynamic dispersion [16,17]. 

 

 

Fig. 5. Advection and Dispersion 

 

Hydrodynamic Dispersion Equation 

The fundamental equation governing transport of dissolved contaminants the 

advection-dispersion equation which is obtained by combining the 

contaminant mass balance with Fick’s first law of diffusion. 

Fick’s first law of Diffusion 

Fick's first law of diffusion describes the movement one specie through the 

mixture of specie and fluid as a result of concentration gradient of specie. It 

states that the rate of diffusion of a solute substance through the unit area of 

a section is proportional to the concentration gradient of the solute normal to 

that section. 

 
𝐽𝐷 = −𝐷

𝜕𝑐

𝜕𝑥
 

(2) 
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where,𝐽𝐷is the diffusive mass flux, D’ is the diffusion coefficient. Negative 

sign indicates that contaminant moves from zone of higher concentration to 

the zone of lower concentration. 

 

Advection-dispersion Equation 

Let the concentration of the fluid at any point (x, y, z) be c (x, y, z) and qx, qy, 

qz   are the velocity components parallel to the co-ordinate’s axes. Consider 

a small element of volume dxdydz in the form of a rectangular parallelepiped 

shown in Figure. 6 whose sides are parallel to the axes of co-ordinates. 

 

 

 

 

     𝑓𝑥 

 

 

 

 

 

 

 

 

Fig .6. Small rectangular parallelepiped 

 

Let JD (Jx, Jy, Jz) represent the dispersive mass flux. Then by Fick’s first law 

of diffusion 

 
𝐽𝑥 = −𝐷𝑥

𝜕𝑐

𝜕𝑥
, 𝐽𝑦 = −𝐷𝑦

𝜕𝑐

𝜕𝑦
, 𝐽𝑧 = −𝐷𝑧

𝜕𝑐

𝜕𝑧
, 

(3) 

where Dx, Dy, and Dz are the dispersion coefficients. 

Let the convective mass flux be Jc through the element can be written as,  

𝑑𝑧 

𝑍 

𝑓𝑥+𝜕𝑥 

𝑑𝑥 

𝑑𝑦 

𝑋 

𝑌 
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 𝐽𝑐 = 𝑞𝑐. (4) 

q (qx, qy, qz) is the flow velocity. 

Therefore, the total flux combining the advective and diffusive transport is 

 𝐽(̅𝐽1, 𝐽2, 𝐽3) = 𝐽𝑐 + 𝐽𝐷 (5) 

The total flux entering the element along x-direction 

 
𝐽1 = (𝑞𝑥𝑐 − 𝐷𝑥

𝜕𝑐

𝜕𝑥
) 𝜕𝑦𝜕𝑧 = 𝑓1(𝑥, 𝑦, 𝑧) 

(6) 

And the total flux leaving the element from x-direction 

 
𝑓1(𝑥 + 𝛿𝑥, 𝑦, 𝑧) = 𝑓1(𝑥, 𝑦, 𝑧) +

𝜕𝑓1(𝑥, 𝑦, 𝑧)

𝜕𝑥
𝜕𝑥 + ⋯ 

(7) 

The net solute influx along x-axis can be written as 

Difference of mass per unit time = mass entering the element – mass leaving 

the element  

= −
𝜕𝑓1(𝑥,𝑦,𝑧)

𝜕𝑥
𝜕𝑥 

 
= −

𝜕

𝜕𝑥
(𝑞𝑥𝑐 − 𝐷𝑥

𝜕𝑐

𝜕𝑥
) 𝜕𝑥𝜕𝑦𝜕𝑧 

(8) 

(using Eq. (6))      

Similarly, the excess of solute flow along y-axis 

 
= −

𝜕

𝜕𝑦
(𝑞𝑦𝑐 − 𝐷𝑦

𝜕𝑐

𝜕𝑦
) 𝜕𝑥𝜕𝑦𝜕𝑧 

(9) 

And the excess of solute flow along z-axis 

 
= −

𝜕

𝜕𝑧
(𝑞𝑧𝑐 − 𝐷𝑧

𝜕𝑐

𝜕𝑧
) 𝜕𝑥𝜕𝑦𝜕𝑧 

(10) 

So net solute influx from all the co-ordinates axes of the element, i.e. 

difference of mass of solute per unit time 

 
= − [

𝜕

𝜕𝑥
(𝑞𝑥𝑐 − 𝐷𝑥

𝜕𝑐

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝑞𝑦𝑐 − 𝐷𝑦

𝜕𝑐

𝜕𝑦
)

+
𝜕

𝜕𝑧
(𝑞𝑧𝑐 − 𝐷𝑧

𝜕𝑐

𝜕𝑧
) 𝜕𝑥𝜕𝑦𝜕𝑧] 

(11) 

Assuming the dissolved substance to be non-reactive, the difference between 

the flux into the element and the flux out of the element equals the amount 

of dissolved substance accumulated in the element. Therefore, the rate of 

mass change per unit time is given by 

 
=
𝜕𝑐

𝜕𝑡
𝜕𝑥𝜕𝑦𝜕𝑧 

(12) 
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By the law of conservation of mass,  

 Rate of change of solute concentration = Rate of solute flow in - Rate of 

solute flow out 

 𝜕𝑐

𝜕𝑡
𝜕𝑥𝜕𝑦𝜕𝑧 = − [

𝜕

𝜕𝑥
(𝑞𝑥𝑐 − 𝐷𝑥

𝜕𝑐

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝑞𝑦𝑐 − 𝐷𝑦

𝜕𝑐

𝜕𝑦
)

+
𝜕

𝜕𝑧
(𝑞𝑧𝑐 − 𝐷𝑧

𝜕𝑐

𝜕𝑧
) 𝜕𝑥𝜕𝑦𝜕𝑧] 

(13) 

 𝜕𝑐

𝜕𝑡
= − [

𝜕

𝜕𝑥
(𝑞𝑥𝑐 − 𝐷𝑥

𝜕𝑐

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝑞𝑦𝑐 − 𝐷𝑦

𝜕𝑐

𝜕𝑦
)

+
𝜕

𝜕𝑧
(𝑞𝑧𝑐 − 𝐷𝑧

𝜕𝑐

𝜕𝑧
)] 

(14) 

Above is the hydrodynamic dispersion equation or advection-dispersion 

equation for three-dimensional system. 

Here, Dx, Dy and Dz are the dispersion coefficients, which may be function of 

time or position or constant. 

For one-dimensional case, the advection-dispersion equation with constant 

coefficient reduces to 

 𝜕𝑐

𝜕𝑡
= 𝐷𝑥

𝜕2𝑐

𝜕𝑥2
− 𝑞𝑥

𝜕𝑐

𝜕𝑥
 

(15) 

       

Initial and Boundary Conditions 

The advection-dispersion equation needs to solved in conformation with the 

information related to specific case of flow which are classified as initial and 

boundary conditions of the case under study. 

Initial Condition 

The initial conditions as the name suggests states the value of the variable 

under consideration at some initial time t=0 (usually). For a three-

dimensional system the initial condition for concentration of solute transport 

is given as 

 𝑐(𝑥, 𝑦, 𝑧, 𝑡) = 𝑐𝑖(𝑥, 𝑦, 𝑧, 0) (16) 

Where c (x, y, z, t) represents the concentration at any value of the variables 

involved and ci (x, y, z,0) is a known function or constant or zero as per the 

physical model of the problem. Initial conditions are required for time 
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dependent problems and give the information about the time before 

contamination. 

Boundary Conditions 

The solute transport problem must also consider different interactions 

between the transport domain and its environment as magnitude of water 

fluxes across the domain boundaries is determined by them. These 

interactions represented mathematically constitute the boundary conditions 

for the problem under consideration. The boundary conditions usually 

employed for a solute transport problem are classified into three types as 

follows  

A. Neumann boundary condition: 

This boundary conditions are employed when the total mass of a solute across 

a boundary is defined. It is often used to inflow boundaries like experiments 

and also in field locations which are dealing with point source of pollution 

and the total solute mass entering the groundwater is known or can be 

estimated [18]. As the total mass leaving the system is not known this type 

of condition cannot be defined for outflow boundaries. Mathematically this 

is represented as  

 
(𝐷𝑖𝑗

𝜕𝑐

𝜕𝑥𝑗
)𝑛𝑗 = 𝑓(𝑥, 𝑦, 𝑧, 𝑡) 

(17) 

where, f (x, y, z, t) is a known function and 𝑛𝑖 is direction cosine. For 

impermeable boundaries, f (x, y, z, t) becomes zero. 

B. Cauchy boundary condition: 

The mass flux of solute across the boundary is dependent on the 

concentration in water phase. Cauchy boundary condition is applied at the 

outflow boundary. Mathematically, it is expressed as 

 
(𝐷𝑖𝑗

𝜕𝑐

𝜕𝑥𝑗
− 𝑞𝑖𝑐) 𝑛𝑖 = 𝑓(𝑥, 𝑦, 𝑧, 𝑡) 

(18) 

where, ( , , , )f x y z t  is a known function. The first term on the left-hand side 

represent flux by dispersion and the second term represent the effect of 
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advection. These descriptions of boundary conditions have been explored 

[19]. 

  C. Dirichlet boundary condition: 

This condition refers to the case when the concentration at the boundary is 

known or fixed, though practically it is almost always impossible. It 

prescribes concentration along a portion of the boundary. It is given in the 

following form  

 𝑐(𝑥, 𝑦, 𝑧, 𝑡) = 𝑐0(𝑥, 𝑦, 𝑧, 𝑡) (19) 

Where, c0 (x, y, z, t) may be a function of space or time or both or a 

constant. 

1.7 SOLUTION OF THE MODEL 

Analytical Method 

The traditional way of solving the advection-diffusion equations are the 

analytical methods. These methods provide solutions which are useful in 

investigating the effects of different parameters and also extrapolate the 

result over large time and spatial values. The literature is replete with many 

analytical solutions for advection-diffusion equation [20, 21]. 

The various methods which can be employed to find the analytical solution 

of advection-diffusion model are namely-Transform calculus involving 

Laplace transform technique, Fourier transform technique, generalized 

integral transform technique, Hankel transform technique, Green’s function 

method, Power series method, Method of superposition principle, 

Variational methods and similarity transformations. The solution obtained as 

such, is only true for certain initial and boundary conditions and in certain 

cases it includes special functions like Bessel and error functions whose 

convergence is difficult to compute [22].  

Numerical Solution 

Numerical methods are also employed to approximate the solution of the 

solute transport model. They have larger flexibility with regard to the 
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modifications in initial, boundary and physical conditions. With the increase 

in the dimension of the problems numerical methods find more applicability. 

The solution so obtained may be generalized to the cases of different zones 

without any simplification of assumptions. The various methods may be 

broadly classified into three groups: 

i. Eulerian 

ii. Lagrangian 

iii. Mixed Lagrangian-Eulerian methods 

Both Eulerian and lagrangian approach make use of finite difference or finite 

element method to discretize the transport equation. The former method uses 

a grid system whereas in the later the mesh moves along with the flow or 

remains fixed in a deforming coordinate system. In Lagrangian-Eulerian 

approach, a two-step procedure is followed. Using a Lagrangian approach, 

first convective transport is considered in which Lagrangian concentrations 

are estimated from particle trajectories. Later the Eulerian approach is 

undertaken to model all other processes including sinks and sources. With 

the help of any finite element or finite differences method, the final 

concentrations are estimated. These methods are still many of the popular 

methods being used today also. It has been observed that these methods give 

good results for dispersion dominant transport processes. In case of 

convection dominated transport processes both methods can lead to 

significant numerical oscillations and/or artificial dispersion problems. 

However, such deviations can be eliminated by selecting an appropriate 

combination of relatively small space and time steps.  

Finite Difference Method  

Finite-difference methods [23,24,25] and Finite difference equations are used 

in this numerical method to approximate the solutions to differential 

equations. The solutions to differential equations are approximated by 

replacing derivative expressions with approximate equivalent difference 

quotients. As the first derivative of a function f is, by definition, 
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𝑓′(𝑎) = lim
ℎ→0

𝑓(𝑎 + ℎ) − 𝑓(𝑎)

ℎ
 

then a reasonable approximation for that derivative would be to take 

𝑓′(𝑎) ≅
𝑓(𝑎 + ℎ) − 𝑓(𝑎)

ℎ
 

for some small value of h. In fact, this is the forward difference equation for 

the first derivative. Similarly, backward difference and central difference 

formulae are also used to replace derivative expressions in differential 

equations and approximate their solutions using Implicit or Explicit finite 

difference method or Crank Nicholson method. 

 

Finite Element Methods 

The finite element method (FEM) [26] is a numerical method to find 

approximate solutions of partial differential equations partial differential 

(PDE) as well as of integral equations. The procedure involves either 

elimination of the differential equation completely (steady state problems), 

or transforming the PDE into an approximating system of ODE, which are 

then numerically integrated using standard techniques such as Euler’s 

method, Runge-Kutta method, etc. 

The Finite Element Method is a good choice for solving partial differential 

equations over complicated domains, changing domains, when the desired 

precision varies over the entire domain, or when the solution lacks 

smoothness.  

 

Galerkin methods:  

In Galerkin methods [27, 28] a continuous operator problem e.g. a differential 

equation is solved by first converting it to a discrete problem. Principally, it 

is the conversion of the equation to a weak formulation by applying the 

method of variation to a function space. Some constraints are then added on 
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the function space in order to characterize the space with a finite set of basis 

functions.  

Finite Volume Methods  

In this method [29,30] partial differential equations are expressed and solved 

by transforming into algebraic equations. Though structured mesh is not 

required but may be used and values are calculated at discrete places on a 

meshed geometry. "Finite volume" refers to the small volume surrounding 

each node point on a mesh. Using the Gauss’s divergence theorem volume 

integrals in a partial differential equation containing a divergence term are 

converted to surface integral, which are then evaluated as fluxes at the 

surfaces of each finite volume. These methods are conservative on account 

of the conservation of fluxes entering and leaving a given volume. 

1.8 AIM AND OBJECTIVE 

Fluoride occurs naturally in soils and rocks as calcium fluoride, cryolite and 

fluorapatite. It is an essential element required, though in small amount, for 

the skeletal and dental development of mammals. There has been a lot of 

controversy in recent years among the scientists regarding the beneficial and 

toxic effects of Fluoride [31]. It has been established that prolonged intake of 

high amount of Fluoride by human body may cause permanent bone 

deformation [32]. Plants being an important constituent for the dietary intake 

of Fluoride, the Fluoride sorption by soil has been a topic of investigation by 

many researchers [33,34]. 

In order to understand the perils of fluoride contamination in soil and in 

groundwater it is important to investigate the movement characteristics of 

fluoride and its dynamic distribution. The transport rules of fluoride 

migration in soil and groundwater are determined by geo-chemical 

background, climatological factors, adsorption and leaching of fluoride in 
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soil and groundwater [35]. The adsorption and leaching processes directly 

affect fluoride migration and exchange from soil to water. In soil, some of 

the fluorides get immobilized due to adsorption and some part of it gets 

percolated in the ground. 

The study of fluoride transport will be helpful in understanding the behaviour 

of fluoride ion under different pH, ionic strength and the presence of 

competing ions. It will also be of great help in designing and operating 

fluoride removal methods as per local water qualities and also how the 

groundwater contamination can be avoided.  

Mathematical modelling is the integral component of any effort to predict the 

migration and the persistence of pollutants to and within groundwater 

systems. The models are helpful tools to design and implement soil and crop 

management practises which minimize soil and water contamination. They 

may be used to determine the quantity and transport of fluoride that may 

occur, under the influence of soil environment (pH, presence of other ions 

like Al, Na, Ca, Mg) to develop the action plan for the necessary and 

immediate remedial action, and to stop potential exposure concentrations at 

receptor points.  

For protection of public health and the environment, especially to stop the 

deterioration of the groundwater quality, it is desirable to retard the 

dissolution and transport of the pollutant ions to water. 

 

1.9 IMPORTANCE OF PROPOSED RESEARCH WORK 

The present research work aims to quantify the total concentration of fluoride 

ion in the soil, which will help in estimating the pollution profile of the soil 

and groundwater. Fluoride is a pervasive micro pollutant in groundwater and 

one of the major chemicals causing large scale health problems like fluorosis 

through exposure to drinking water. Globally more than 70 million people 

are estimated to be suffering from fluorosis [36]. 
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This research work is important in understanding the transport phenomena of 

Fluoride ions in different soil environment. A quantitative description of 

Fluoride ion transport in the saturated and unsaturated zone of the soil will 

be helpful to predict the impact of soil type, physicochemical properties etc. 

on the groundwater contamination.  

In this work, Fluoride ion transport in soil under varying lithospheric 

conditions (pH, conductivity, Calcium and magnesium levels, soil alkalinity, 

fertilizer applicability etc.) will be studied by using mathematical modeling. 

Each model will be preceded by the underlying physical concept, and will 

then be translated into a mathematical model. 

The modeling concepts will be coupled with an overall mathematical 

framework so as to be practically useful for environmental problems. The 

work will be primarily devoted to various issues related to the modeling 

dynamics of Fluoride ion in soil and soil environment. With respect to the 

mathematical approach, the work will explore application of fundamental 

mathematical principles for understanding and quantifying the fluoride 

pollution. Special emphasis will also be given to the characterization of 

spatial variability and the influence of effective parameters which will make 

the research more applied.   
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The dangers of soil pollution are increasing with each passing day as 

contaminants added into soil as pollutants are either percolated into 

subsurface and ground water through infiltration or leaching. Modern 

agriculture practices make use of numerous pesticides, fungicides, 

bactericides, insecticides, biocides, fertilizers and manure resulting in severe 

biological and chemical contaminants of agriculture lands. Crops grown on 

such lands are reported to contain high level of pollutants [1, 2], consequently 

pose threat to human health by entering the food chain. 

Fluoride is one of the contaminants which has attracted worldwide attention. 

It is necessary element for human and animal health and occurs naturally in 

soils and rocks as calcium fluoride, cryolite, and fluorapatite. At a certain low 

concentration in drinking water it is essential for the human body in 

preventing dental decay and strengthening skeletal system [3]. However, if 

the amount of fluoride pollutants getting drained into the soil is more than a 

certain level and exceeds the capacity of self-purification of the soil, fluoride 

will further leach downwards with water and pollute groundwater. This 

presence of fluoride in the groundwater and crops and resultant consumption 

by human being may cause bone diseases, blotchy teeth and ulcers of thyroid, 

liver and other organs [4]. 

According to Zhang and Su Bao [5], the fluoride ions are chemically reactive 

and migration processes in soil are complex. As a result of adsorption and 

desorption, the value of concentration peak in its breakthrough curve gets 

gradually decayed. As a result of conversion and immobilisation of fluoride 

ions due to presence of other elements in the soil OH ions are released and 

pH of the soil increases. Ultimately, leaching of fluoride ion is also 

responsible for increase in alkalinity of soil. Consequently, subterranean 

water sources are also jeopardized because of rapid leaching. 
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2.1 FLUORIDE POLLUTED SOILS 

The World Health Organization (WHO) guideline value for maximum 

contaminant level (MCL) for fluoride in drinking water is 1.5mg/L [6] 

whereas the same is 4mg/L [7] as established by the US EPA. However much 

greater levels of fluoride in water have been measured in regions across many 

countries.  

The fluoride concentration in southern Lakeland, California is approximately 

5 mg/L [8]. As high as 20 mg/L fluoride concentration in groundwater is 

measured in some regions of North Africa [9]. The belt that stretches from 

Syria through Jordan, Egypt, Libya, Algeria, Sudan and Kenya, and from 

Turkey through Iraq, Iran, Afghanistan, India, northern Thailand and China 

have recorded high-fluoride levels. 

In India high fluoride concentration in ground water (>1 mg/l) has been found 

to be widespread in the arid to semiarid western states of Rajasthan and 

Gujarat and in the southern states of Andhra Pradesh, Karnataka and 

Tamilnadu [10].  India lies within the geographical fluoride belt which 

extends from Turkey to China and approximately 12 million of the 85 million 

tons of fluoride deposited on earth’s crust was found in India [11] Excessive 

fluoride in drinking water caused dental fluorosis, skeletal fluorosis and 

general health problems. About 20 states of India have been identified as 

endemic for fluorosis with highest presence being reported from Andhra 

Pradesh, Haryana, Karnataka, Punjab, and Tamilnadu.  

 

2.2 BRIEF OVERVIEW OF FLUORIDE  

Fluoride, an ionic form of fluorine, is widely distributed in atmosphere. In 

low concentrations it is an important element for human and animal health. 

However, if the concentration exceeds a permissible value it tends to 

assimilate in sediments and pose a high threat to the atmosphere mainly when 

it meets conditions that enhance its solubility and concentration in soils, 
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water, sediments and organisms. Thus, it acts as a persistent and non-

degradable toxin that gets accumulated in soils, plants, wildlife and humans 

[12].  

 

2.3 FLUORIDE CONTAIMINATION SOURCES 

The sources of fluoride contamination of soil can be classified into two main 

types namely - natural and anthropogenic sources. Anthropogenic activities 

perpetuate the pollution of environment as compared to the natural sources. 

 

Natural sources- 

Naturally, Fluoride is found in soils and rocks as calcium fluoride, cryolite, 

and fluorapatite. The natural weathering of fluoride bearing rocks due to 

hydration and hydrolysis reactions; loss of mineral components via leaching 

and volatilization; dissolution and dissociation of minerals; oxidation and 

reduction reaction; immobilization by precipitation; and chemical exchange 

processes such as cation exchange cause discharge of fluoride into the soil. 

However, the concentration of fluoride poses a threat only when it increases 

above the permissible value in the environment. The contamination may be 

a point source contamination or diffused one by carrying out of fluoride to 

different places by surface erosion or runoffs.  

 

Anthropogenic sources- 

The advancement in the fields of agriculture and industry has been 

accompanied by increase in anthropogenic activities, which are the major 

causes for the observed elevation of fluoride concentration 

worldwide. Anthropogenic activities such as use of phosphate fertilizers, 

pesticides, sewage and sludge for agriculture, airborne emissions from 

aluminium smelters, phosphate processing plants, enamel factories, depletion 

of groundwater, etc., are also responsible for increased fluoride concentration 

in soil. The fate of such fluoride dissolved in soil may vary from being 
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immobilized by the soil [13] or up taken by plants and cause toxicity in them 

as well as microorganisms [14]. It also finds its way into surface water and 

water body of shallow groundwater through leaching and causes high 

fluorine contamination of groundwater [15]. 

The significant increase in anthropogenic discharge of fluoride in the 

atmosphere and its resultant effect on human and animal health has given rise 

to universal concern for the implementation of methods that would decrease 

their release in the environment and also develop treatment methods for 

defluorination. 

 

2.4 FACTORS AFFECTING FLUORIDE AVAILABILTY IN SOIL 

The chemical properties of fluorine are active and there are many factors 

which affect its migration and accumulation in soils. It may get subdivided 

into adsorbed, precipitated, and water-soluble phases which cannot be 

completely dissociated from each other. Fluorine in soil is in dynamic 

equilibrium with the two geochemical processes namely enrichment and 

leaching which mirror its adsorption and desorption by clay minerals 

respectively. [16]. 

The principal parameters governing these two processes are the geochemical 

properties of soil and clay minerals, soil’s sorption capacity which is a 

function of the soil pH, types of sorbents present and soil salinity. Presence 

of anions and competing toxic elements also affect fluoride adsorption. 

The mobility and solubility of contaminants in the environment is markedly 

affected by their surface chemistry. Thus, the reactions between solutions and 

solids often involve the interface between these phases. The dissociation of 

water molecules as a result of its interaction with the contaminant releases 

OH- ions which occupy the surfaces of contaminants and soils in water. 
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Effect of pH – 

The pH is the most important factor that controls adsorption of fluoride to 

soil. It has been reported to be maximum at pH 5.5 [17]. Most of the Fluoride 

gets complexed with either aluminium or iron in soils with pH below 6 

[18,19]. If sufficient calcium carbonate is present in soil with pH greater than 

6.5, fluoride gets completely fixed in soil as calcium fluoride [20]. As the 

concentration of protonated surface sites acting as fluoride binding sites 

decreases significantly with increase in pH, fluoride adsorption shows a 

tremendous drop. This was observed at pH 8.8 for adsorption at activated 

alumina sites [21]. As a result, the possibility of migration of soluble fluoride 

to the groundwater is most prominent at all temperature in alkaline 

environment i.e. pH .7.0[22]. 

Fluoride has different species in water, including HF, HF2−, and F−. The 

deprotonation reactions of HF and HF2− are written as [23] 

 
𝐻𝐹 ↔ 𝐻+ + 𝐹−; 𝑝𝐾𝑎1 = 3.18 ; [𝐻𝐹] =

[𝐻+][𝐹−]

𝐾𝑎1
 

 

 
𝐻𝐹2

− ↔ 𝐻+ + 2𝐹−; 𝑝𝐾𝑎2 = 3.76 ; [𝐻𝐹2
−] =

[𝐻+][𝐹−]2

𝐾𝑎2
 

 

 

Because the total dissolved fluoride is 

 𝐹𝐷 = [𝐻𝐹] + 2[𝐻𝐹2
−] + [𝐹−]  

 

The fluoride ion concentration is expressed as 

 

 

[𝐹−] =

√{𝐾𝑎2([𝐻
+] + 𝐾𝑎1}

2
+ 8𝐾𝑎1

2𝐾𝑎2[𝐻
+]𝐹𝐷 − 𝐾𝑎2[𝐻

+] + 𝐾𝑎1

4𝐾𝑎1[𝐻
+]

 

 

 

Effect of OH Ions- 

As the radii of F- and OH- ions are almost of the same dimension, an 

exchange of OH- and F- is inevitable which showed increased fluoride 

leaching with increase in OH- concentrations. Unlike other soluble ions, F- 



 

36 
 

is not leached much from naturally salinized salt affected soil rather it is 

redistributed within the soil profile. The adsorption of F- to soil increases 

with decrease in soil pH in acidic soil while in most of the alkaline soil F- is 

replaced by OH- ion producing high leachable concentration of ionic fluoride 

[22, 24]. Thus, the leaching rate of F- is always found higher in an alkaline 

soil.  

Effect of Cations-  

Fluoride leaching is significantly affected by the cation attached to the OH-

ions. It has been observed to follow the following order  𝑁𝐻4𝑂𝐻 > 𝑁𝑎𝑂𝐻 >

𝐾𝑂𝐻  the maximum being with 𝑁𝐻4𝑂𝐻 and minimum with KOH [22].  

𝑁𝐻4
+ ions can bind at least 4 F−

 ions through H-F bond [25]. As a result the 

concentrations of leachable fluoride [F-]i  and  rate of leaching (LRobs) were 

found to be highest in the experiment by Saxena et al[ [22].As the lattice 

energy of KOH is more than that of NaOH the availability of free OH- ion is 

more in NaOH  relative  to KOH Thus the replacement of OH- ions is more 

in presence of NaOH as compared to that of KOH. Some earlier studies on 

adsorption and desorption of F- on soil of China interpreted as competing 

sorption of OH- in soil solution replacing some F- from surface of soil 

colloids resulting in increase in leaching of F-. The leaching rate of F- was 

found higher in alkaline soil than acidic. Also, the adsorption of F in soils 

decreased from humid areas to arid areas and from acidic soils to alkaline 

soils. 

 

2.5 INTERNATIONAL AND NATIONAL STATUS OF WORK 

DONE 

Various inorganic and organic contaminants degrading soil pose not only an 

ecological risk but at the same time also give rise to socio-economic issues 

as such soils become poor in physicochemical properties, susceptible to 

erosion, less productive and sustainable and diminished food chain quality. 
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A major environmental problem is non-point source pollution of groundwater 

by various agricultural by-products as gradual decrease of water quality may 

impair, in the long term, its use as potable drinking water. The control or 

management of this kind of pollution is difficult because of the diffusive and 

progressive nature of pesticide accumulation. In most cases, by the time 

evidence of pollution or benefits resulting from pest control become 

perceptible several years pass by. The assessment, cleanup and management 

of critical groundwater resources have been the focus of attention of civil 

engineers, hydro-geologists and soil scientists for several years. Similarly, 

the solute transport processes which controls the fate of chemicals in the near 

surface has been reviewed by many authors [26,27]. The key processes 

include sorption, degradation, volatilization and leaching. 

Mathematical models may offer a solution to hydrological problems. The 

term "model" has been given many meanings in the hydrological literature. 

The simplified representation of a complex system is called a model; 

hydrological models (that is, models of hydrological systems) being either: 

(a) physical, such as a scaled-down facsimile of the full-scale prototype 

[28,29] (b) analog, such as the resistance-capacitance analog of a coastal 

aquifer used by [30] and of a complete catchment have been used [31]. 

Several factors may cause non-ideal solute transport, including non-

homogeneous soil physical properties (e.g., hydraulic conductivity, soil-

water content, bulk density), physical non-equilibrium, non-homogeneous 

soil chemical properties (e.g., sorption equilibrium constant), sorption non-

equilibrium, sorption isotherm non-linearity and sorption-desorption non-

singularity. Factors related to the physical nature of the porous medium, such 

as structure (i.e., non-homogeneous soil physical properties and physical 

non-equilibrium), will obviously control non-ideality for the transport of 

non-sorbing solutes and of water. It has been suggested that the primary 

factors causing non-ideal transport for various chemical solutes are non-
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homogenous soil properties (both physical and chemical) and non-

equilibrium (both transport and sorption) [32, 33].  

The explanation that the observed non-ideal behaviour (e.g., "preferential 

flow", "macro pore flow", "channelling", "short-circuiting", "bypassing", 

"partial displacement", "subsurface storm flow") is the result of non-

unimodal pore-size distributions (i.e., a non-uniform velocity field) is 

generally accepted. To model such systems, a bicontinuum approach [32] is 

often employed. With this approach the porous medium is considered to be 

comprised of two domains: a "mobile" domain, where solute transport occurs 

by advection and dispersion, and an "immobile" domain, in which there is 

minimal advective flow. The mobile-immobile conceptualization for soils 

dates back at least 30 years, when it was used [34]. Early mathematical 

models employing this conceptualization were presented [35,36]. Rapid 

transport in the mobile domain is accompanied by diffusive mass transfer of 

solutes between the mobile and immobile domains, which results in the latter 

behaving as sink/source components. Solute transport, as described by 

breakthrough curves (BTC's), in such systems is characterized by early initial 

breakthrough and by "tailing" or delayed approach to relative concentration 

values of either 0 or 1. As access to some portion of the porous medium is 

constrained by diffusive mass transfer, the solute in the system may be 

considered to be in a state of non-equilibrium, as access to some portion of 

the porous medium is constrained by diffusive mass transfer. This 

phenomenon is termed physical or transport non-equilibrium (TNE). It has 

been suggested [37] that "dead water" could cause non-ideal BTC's.  

Behaviour attributable to TNE has been observed in aggregated, 

heterogeneous (with respect to hydraulic conductivity) and fractured porous 

media as well as in macroporous media. Some of the earliest work on solute 

transport in aggregated soils, where the non-ideality observed in 

experimentally-derived BTC's was attributed to TNE, was performed [38] for 

non-sorbing solutes (C1-) and for sorbing inorganic solutes (Mg 2 +), and has 
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been discussed by many authors [39,40,41 and 42] for organic compounds 

(pesticides atrazine, lindane, fluometuron and picloram). All these 

experiments were performed with packed soil columns and, while 

demonstrating the influence of soil aggregation on solute transport, they are 

not particularly representative of field conditions. In an attempt to more 

closely simulate field conditions, miscible displacement studies have also 

been performed using undisturbed soil cores. 

Several mechanisms are involved in the solute-transfer process for a system 

representative of the mobile-immobile concept: (1) advective-dispersive 

transport from bulk solution to the boundary layer (i.e., adsorbed water 

surrounding the sorbent); (2) diffusive transport across the adsorbed water 

(i.e., film diffusion); and (3) pore and/or surface diffusion within the 

immobile region (i.e., intra-aggregate diffusion). Any or all of these three 

components may be a rate-limiting step. To simplify, it is usually assumed 

that one of the three steps is slow relative to the other two and that it may 

therefore be designated as the primary rate-limiting step. The advective-flow 

domain is generally assumed to be well-mixed, thus minimizing the 

importance of mass-transfer resistances within these regions.  

Dynamic simulation models for these and other solute transport processes are 

timely tools for engineering/management decisions. To develop 

mathematical models which can be used to predict the mobility and 

persistence of chemicals in the unsaturated zone near surface enormous 

efforts have been made over the last three decades. The advances in high-

speed digital computers have provided a stimulus to this age of model 

development but to some extent restrained by the staggering data 

requirements of some of the more complex models. 

The importance of fluorine as a trace element , the effect of its deficiency or 

excess on distortion, supersession abnormality in organisms has been stated 

and studied [15] . Leaching dissolution of high fluorine rock and soil mass, 

fluoride-base aerial precipitating dust and fluoric waste water drainage from 
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Industrial and mining enterprises made fluorine go into surface water and 

water body of shallow ground water to cause high fluorine contamination. 

The Fluoride uptake by plants is usually linearly correlated with total F- 

activity in solution [43] as has been shown by solution culture experiments. 

It was shown that F, as HF, was taken up more readily than F- and Al-F 

species [43]. The various factors governing Fluoride dynamics in soil are soil 

water content, soil texture, temperature and the pH of the soil. The F 

concentration in soil-cultivated plants was better explained [44] by soluble F 

in the soil together with the pH than by soluble F alone. 

High concentration of Fluorides is dangerous for living beings, including 

humans [45, 46]. Higher content of fluorine-ions leads to the inhibition of 

some enzyme reactions, to the linking of biogenous elements (P, Ca, Mg etc.) 

and the disturbance of their balance in the organism. Many scientists have 

documented toxic effects of accumulation of large amounts of Fluorine in 

plants as well as groundwater. 

The study of geochemical characteristics and the spatial distribution of the 

fluoride in the soils of Indo-Gangetic plains has been studied [47]. The 

fluoride distribution in soil profiles and surface soil (0-15 cm) samples was 

studied. It was concluded that the natural weathering of fluoride bearing rock 

and minerals various ion-exchange and distribution processes in the soil, 

alkalinity, sodium absorption ratio, calcium, magnesium and clay contents of 

the soil were responsible for high fluoride occurrence in the area. 

The modification in soil characteristics related to soil biological properties 

indicating alteration in soil biochemical and microbiological properties can 

be used to assess the intensity of soil contamination. The effect of fluoride, a 

common problem in the semi-arid region, on seed germination, early growth 

and antioxidant enzyme activities of fast growing and drought resistant tree 

of this region i.e., Prosopis juliflor was studied [48]. The results of this study 

showed that root and shoot growth, vigor index decreased but catalase and 

peroxidise increased with substantial increment of sodium fluoride 
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concentration. Larger portion of the fluoride was observed to be accumulated 

in plant roots followed by the shoot. But no morphological changes were 

observed in the species. Authors concluded the Prosopis juliflora is a suitable 

bioindicator and it could beneficently remove fluoride in phytoremediation 

purposes.  

Fluoride contamination is also known to influence the diversity, number and 

behaviour of soil microorganisms. The inhibitory effect of fluoride towards 

the main microbial populations responsible for the removal of organic 

constituents and nutrients in waste water treatment processes have been 

evaluated by [49]. It was concluded from the results of short-term batch bio-

assays that the toxicity of sodium fluoride varied widely depending on the 

microbial population. Nitrifying bacteria appeared to adapt rapidly to 

fluoride. All other microbial populations evaluated in this study i.e., glucose 

fermenters, aerobic glucose degrading heterotrophs, denitrifying bacteria and 

H2-utilizing methanogens tolerated fluoride at very high concentration (>500 

mg/L). 

One-dimensional transport of non-volatile solute in steady state in a 

homogeneous porous media with uniform soil moisture distribution is known 

as linear equilibrium sorption model. The dimensionless form of convection- 

diffusion equation considering degradation of both the phases of solute 

(dissolved and adsorbed) and linear equilibrium sorption isotherms is given 

as  

 
𝑅
𝜕𝐶

𝜕𝑡
−
1

𝑃𝑒

𝜕2𝐶

𝜕𝑧2
+
𝜕𝐶

𝜕𝑧
+ 𝜇𝐶 = 0, 

(1) 

 Where R is the retardation factor, C is the relative resident solute 

concentration in soil, t is the dimensionless time, z is the dimensionless space, 

Pe  is the Peclet number and 𝜇 is the dimensionless first order degradation 

coefficient including both the phases. The numerical scheme representing 

equation (1) for a pulse type solute concentration [50]is given as  
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𝑅
𝜕𝐶

𝜕𝑡
+ ℒ𝐶 = 0                     𝑖𝑛 [0,1] × (0, 𝑇), 

 

 
(−

1

𝑃𝑒

𝜕𝐶

𝜕𝑧
+ 𝐶)|

𝑧=0

= 𝛿(𝑡)      𝑜𝑛 (0. 𝑇), 
(2) 

 𝜕𝐶

𝜕𝑧
|
𝑧=1

= 0                        𝑜𝑛 (0, 𝑇), 
 

                𝐶|𝑡=0 = 0                          𝑜𝑛 (0, 𝑇),              

 Where ℒ is the convection-diffusion-reaction operator 

 
ℒ = −

1

𝑃𝑒

𝜕2

𝜕𝑧2
+
𝜕

𝜕𝑧
+ 𝜇𝐼, 

(3) 

Where I denotes the identity operator. The equation (3) is discretized with 

respect to time using 𝜃 scheme and then a plain Galerkin Finite element 

discretization is applied. 

In non-equilibrium models there are different sorption processes and can be 

classified into chemical non-equilibrium and physical non-equilibrium. The 

two regions transport model is based on the assumption that the dissolved 

phase can be partitioned into mobile and immobile phase. The dimensionless 

equations representing the non-equilibrium models are given as [50] 

 
𝛽𝑅

𝜕𝐶1
𝜕𝑡

−
1

𝑃𝑒

𝜕2𝐶1
𝜕𝑧2

+
𝜕𝐶1
𝜕𝑧

+ 𝑤(𝐶1 − 𝐶2) + 𝜇1𝐶1 = 0. 
(4) 

 
(1 − 𝛽)𝑅

𝜕𝐶2
𝜕𝑡

− 𝑤(𝐶1 − 𝐶2) + 𝜇2𝐶2 = 0 
(5) 

Where the subscript 1 and 2 refer to the instantaneous and non-instantaneous 

adsorption sites for the chemical non-equilibrium model or mobile and 

immobile regions for physical non-equilibrium model; 𝛽 is the partitioning 

coefficient between the two regions and w is the dimensionless mass transfer 

coefficient. The above equations (4) and (5) are further simplified with initial 

and boundary conditions and expressed as 



 

43 
 

 

{
 
 
 
 
 

 
 
 
 
 𝛽𝑅

𝜕

𝜕𝑡
𝐶1 + ℒ1𝐶1 − 𝑤𝐶2 = 0      𝑖𝑛 [0,1] × (0, 𝑇),

(1 − 𝛽)𝑅
𝜕

𝜕𝑡
𝐶2 + (𝑤 + 𝜇2)𝐶2 − 𝑤𝐶1 = 0    𝑖𝑛 [0,1] × (0, 𝑇),

(−
1

𝑃𝑒

𝜕𝐶1
𝜕𝑧

+ 𝐶1)|
𝑧=0

= 𝛿(𝑡)      𝑜𝑛 (0. 𝑇),

𝜕𝐶1
𝜕𝑧
|
𝑧=1

= 0                        𝑜𝑛 (0, 𝑇),

 𝐶1|𝑡=0 = 0                          𝑜𝑛 (0, 𝑇),

 𝐶2|𝑡=0 = 0                          𝑜𝑛 (0, 𝑇),

 

(6) 

 

 Where  

 
ℒ1 = −

1

𝑃𝑒

𝜕2

𝜕𝑧2
+
𝜕

𝜕𝑧
+ (𝑤 + 𝜇1)𝐼 

(7) 

The model is solved using time discretization with 𝜃 scheme and then a plain 

Galerkin Finite element discretization. 

Analytical solutions of one-dimensional solute transport problems with 

different initial and boundary conditions, in finite as well as semi-finite 

domain have been reported in the literature [51 ,52]. 

The CDE describing the one-dimensional convective -dispersive transport 

through a homogeneous medium with a linear and reversible equilibrium 

sorption and without degradation of the solute, under steady flow is given as 

[53] 

 
𝑅
𝜕𝐶1

𝜏∗

𝜕𝑡
= 𝐷

𝜕2𝐶1
𝜏∗

𝜕𝑥2
− 𝑣

𝜕𝐶1
𝜏∗

𝜕𝑥
 

(8) 

Where 𝐶1
∗ is the solute normalised resident concentration in the liquid phase 

(
𝐶1
𝜏

𝐶0
), 𝐶1

𝜏 is the resident concentration in the liquid phase at distance x and 

time t, 𝐶0 is the input concentration, D  is the effective diffusion-dispersion 

coefficient, v  is the average pore-water velocity and  R  is the retardation 

factor. The analytical solution for equation (8) with flux -type inlet boundary 

conditions [54] expressed in terms of flux concentrations and cumulative 

drainage (I) is [54,55] is 
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𝐶𝑓∗(𝑥, 𝐼) =

1

2
𝑒𝑟𝑓𝑐 [

𝑅𝑥 − 𝑣′𝐼

2(𝐷′𝑅𝐼)
1
2

] +
1

2
𝑒𝑥𝑝 (

𝑣′𝑥

𝐷′
) 𝑒𝑟𝑓𝑐 [

𝑅𝑥 + 𝑣′𝐼

2(𝐷′𝑅𝐼)
1
2

] 
(9) 

The above equation can be used to calculate flux concentrations inside and 

at the exit boundary of the column. Here, 𝐶𝑓∗(𝑥, 𝐼) =
𝐶𝑓(𝐶,𝐼)

𝐶0
 is the normalized 

flux concentration in the column at depth x and cumulative drainage I(cm 

water), 𝐶𝑓(𝑥, 𝐼)  is the flux concentration, and v’ (cm soil/cm water) and  D’ 

(cm2 soil/cm water) are the solute velocity and diffusion-dispersion 

coefficient expressed in terms of cumulative drainage. 

The convective lognormal transfer function model analytical solution 

corresponding to equation (9) is [56] 

 

𝐶𝑓∗(𝑥, 𝐼) =
1

2
{1 + 𝑒𝑟𝑓 [

𝑙𝑛 (
𝐼𝜆
𝑅𝐼𝑢𝑥

) − 𝜇

𝜎√2
]} 

(10) 

Where I  is divided by  R to  account for linear and reversible equilibrium 

sorption, 𝐼𝑢 is  a unit cumulative drainage so as to make logarithmic argument 

unitless, 𝜇 𝑎𝑛𝑑 𝜎 are the CLT model parameters and 𝜆 is the calibration 

depth. 

For a homogeneous column V and D  are constant whereas in a heterogeneous 

field they vary with x and y. This variation is viewed as random because of 

uncertainty and the actual field is regarded as a realization of an ensemble of 

fields with the same probability distribution functions (PDF) of the variables 

of interest. So, in the stochastic approach [57]to study solute transport model 

the PDF of concentration for fixed z and t or the related cumulative 

probability:  

 
𝑃(𝑧, 𝑡; 𝐶) = ∫ 𝑓(𝑧, 𝑡; 𝐶)𝑑𝐶

𝐴

0

 
(11) 

where P is the probability that 𝐶 ≤ 𝐴 at depth z and time t. The cumulative 

probability distribution of V can be computed in a general method from 
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𝑃(𝑉) = ∫𝑑𝑌∫𝑓(𝑅, 𝑌)𝑑𝑅 

(12) 

Where 𝑓(𝑅, 𝑌) is the joint probability density function of R, Y and the 

integration region in the double integral depends on V and Y. 

The average concentration (𝐶) over the field is given by 

 𝐶̅(𝑧, 𝑡) = 1 − 𝑃(𝑉) (13) 

Where 𝐶̅ is the ratio between the area of the field for which 𝐶 = 1 and the 

total area of the field. In the particular simple case of uniform transport 

Average Field Concentration 𝐶̅(𝑧, 𝑡) is given by-  

 𝐶̅ = 0.5 [1 − erf
0.5 𝐼𝑛 𝜉−𝑚𝑌

√2𝜎𝑌
]  𝑓𝑜𝑟 (𝜉 < 𝑟), 

𝐶̅ = 0.5 [1 + erf
(0.5𝜔) 𝐼𝑛(𝜉𝑟𝜔−1)−𝑚𝑌

√2𝜎𝑌
]  𝑓𝑜𝑟 (𝜉 > 𝑟)       

(14) 

Where, 

 
𝜉 =

𝑧𝜃𝑠
𝑡𝐾𝑠

∗
,            𝑟 = 𝑅̅ 𝐾𝑠

∗,   ⁄        𝑎𝑛𝑑       𝑆𝑅 = 𝑑𝑅 𝑅̅⁄  
(15) 

which enable to calculate the value of 𝐶̅ in terms of the dimensionless 

variables 𝜉, 𝑟 𝑎𝑛𝑑 𝑆𝑅 .For a spatially variable field a stochastic approximate 

model of transport is established [57].For this purpose, the expectation 𝐸(𝐶) 

and the variance 𝜎𝐶
2 as a function of z  and t are calculated from 

 
𝐸[𝐶(𝑧, 𝑡)] =

1

𝑁
∑𝐶𝑖(𝑧, 𝑡)

𝑁

𝑖=1

 

𝜎𝐶
2(𝑧, 𝑡) =

1

𝑁
∑{𝐶𝑖(𝑧, 𝑡) − 𝐸(𝐶(𝑧, 𝑡))}

2

𝑁

𝑖=1

 

 

 

Most of the works [58, 59, 60, 61, 62] are based on assuming ideal conditions 

for porosity, seepage flow and dispersion. Some works [63, 64, 65, 66] 

includes the deviation in ideal conditions, due to adsorption, first order radio-

active decay and/or chemical reactions. The study of uniform flow and 

unsteady flow against the dispersion in finite porous media were also 

undertaken [67,68]. A numerical model for one dimensional fluoride 
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transport in unsaturated stratified soil considering the retardation factor and 

source sink term has been also presented [69]. 

The development of solute transport problems in two dimensions involve 

both longitudinal as well as transverse dispersion along with porous media 

flow in addition to advection. The literature is replete with numerous works 

on solutions of two, three-dimensional advection -diffusion equations [70 ,71 

,72,73,74,75]. A Laplace transform solution for tracer tests have been 

developed [76] developed assuming that advection and longitudinal 

dispersion are the transport mechanisms in a radially converging flow field. 

An instantaneous and continuous point-source solution for a two-

dimensional ADE model with constant, linear, asymptotic, and exponentially 

varying dispersion coefficients has also been developed [77]. 

Model for solute transport in rivers based on advection-dispersion equation 

for transport in the main channel with a sink term describing diffusive solute 

transfer to the hyporheic zone [78] has also been developed and the analytical 

solution of the system of equations so obtained was found for instantaneous 

injection of a conservative tracer in an infinite uniform river reach with 

steady flow [79].  

Convective -dispersive equation (CDE) and Convective -lognormal transport 

(CLT) models were employed [80] to study fluoride retardation factor in 

unsaturated and undisturbed soil column. A numerical solution using finite 

difference technique was developed [81] for two-dimensional solute 

transport with periodic flow in homogeneous porous media. Analytical and 

numerical solutions for solute transport modelling in homogeneous semi-

infinite porous medium with the variable temporally dependent boundary has 

been also studied [82]. Mathematical model for two-dimensional solute 

transport in a semi-infinite heterogeneous porous medium with spatially and 

temporally dependent coefficients for pulse type input concentration of 

varying nature has been developed [83].  
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The leaching kinetics of fluoride by loading AlF3 on undisturbed vertical 

saline soil columns were studied by [84] wherein saline soils from Sāmbhar 

region of Rajasthan was selected for the same.  Linear relationship was 

established between the concentrations of leachable fluoride [F-]i and rate of 

leaching (LRobs). [F-] i and LRobs were found to decrease with increase in 

Na+ and Ca+2 levels of extractant, while an increase has been observed with 

increase in temperature and OH- ions. Maximum [F-]i are resulted with 

addition of NH4OH in percolating water and minimum with addition of 

KOH. Total leachable F- was found to be unaffected by incubation time. First 

Order model was found to be best fit for representing fluoride leaching in the 

present experimental conditions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

48 
 

References: 

1. Meagher, R. B. 2000. Phytoremediation of toxic elements and organic 

pollutants. Current Opinion in Plant Biology, 3(5),153-162. 

2. Shaylor, H., McBride, M., & Harrison, E. 2009. Sources and impacts 

of contaminants in soil. Ithaca, NY: Cornell University, Department 

of Crop and Soil Sciences, Waste Management Institute. 

3. Kumar, J. V. and Moss, M. E. 2008. Fluorides in dental public health 

programs, Dent. Clin. North Am. 52, 387–401. 

4. Cengelolu, Y., Kir, E. and Ersoz, M. 2002. Removal of fluoride from 

aqueous solution by using red mud, Sep. Purif. Technol. 28, pp.81–

86. 

5. Zhang H.M, Su B.Y, Liu P.H, Zhang, W. 2007. Experimental Study 

of Fluorine Transport Rules in Unsaturated Stratified Soil. J China 

Univ Mining & Technol. 17(3): 0382-0386. 

6. World Health Organization (WHO). 2011. Guidelines for drinking-

water quality. 4th ed. Geneva. 

7. US EPA, 2003. National Primary Drinking Water Standards, EPA 

816-F-03-016.  

8. Ayoob, S. and Gupta, A. K. 2006.  Fluoride in drinking water: a 

review on the status and stress effects, Crit. Rev. Environ. Sci. 

Technol. 36, 433–477.  

9. Tor, A. 2006.  Removal of fluoride from an aqueous solution by using 

montmorillonite, Desalination. 201, 267–276.  

10. Indu, R., Krishnan, S. and Shah, T. 2007. Impacts of ground water 

contamination with Fluoride and Arsenic: Affliction Severity, 

Medical cost and wage loss in some villages of India International 

Journal of Rural management, 3(1), 69-73.  

11. Shanthi, M.; Reddy, B.V., Venkataramana, Reddy, B. V. T. and 

Chennupati, S. 2014. Relationship Between Drinking Water Fluoride 

Levels, Dental Fluorosis, Dental Caries and Associated Risk Factors 



 

49 
 

in 9-12 Years Old School Children of Nelakondapally Mandal of 

Khammam District, Andhra Pradesh, India: A Cross-sectional Survey, 

Journal of International Oral Health, 6(3):106-110.  

12. Begum, A. 2012. Soil profiles and fluoride adsorption in intensely 

cultivated areas of Mysore district, Karnataka, India. Chemical 

Science Transactions. 1(2): 410-414. 

13. Polomski, J., H. Fluhler, and P. Blaser. 1982. Accumulation of 

airborne fluoride in soils. J. Environ. Quality. 11:457-461.  

14. Porter, J. R. 1983. Variation in the relationship between nitrogen 

fixation, leghaemoglobin, nodule numbers and plant biomass in 

alfalfa (Medicaao sativa) caused by treatment with arsenate, heavy 

metals, and fluoride. Physiol. Plant. 57:579-583.  

15. Jing, X.U.; Guo-hua, L.; Yi-gen, L.I. and Yan, L.I. (2004). Fluoride 

Bio-environmental Geochemistry and Floric water treatment. 

Environmental geochemistry high fluorine contamination water 

treatment. DOI: CNKI: Sun: XBTK.0.2004-10-109.  

16. Xiaojing, L., Binbin, W. and Baoshan, Z. 2014. Geochemical process 

of fluorine in soil. Chinese Journal of Geochemistry. 33:277-279. 

17. Barrow, N.J. and Ellis, A.S. 1986. Testing a mechanistic model.III. 

The effects of pH on fluoride retention by a soil. European Journal of 

Soil Science, 37: 287–293.  

18. Perrott, K.W., Smith, B. F. L, and Inkson, R.H.E. 1976. The reaction 

of fluoride with soils and soil minerals. European Journal of Soil 

Science, 27: 58–67.  

19. Murray, F. 1984b. Fluoride retention in highly leached disturbed soils. 

Environ Pollut., B7: 83–95. 

20. Brewer, R.F. 1966. Fluorine. In: Chapman HD ed. Diagnostic criteria 

for plants and soils. Riverside, California, University of California, 

Division of Agricultural Science, pp 180 195. 



 

50 
 

21. Tang, Y., Guan, X., Su, T., Gaob, N., Wang, J. 2009. Fluoride 

adsorption onto activated alumina: Modeling the effects of pH and 

some competing ions. Colloids and Surfaces, 337: 33–38   

22. Saxena, S and Rani, A. 2012. Fluoride Ion Leaching Kinetics for 

Alkaline Soils of Indian Origin. Journal of Scientific Research and 

Reports. 1(1): 29-40. 

23. Stumm, W. and Morgan, J. J.1996. “Aquatic Chemistry: Chemical 

Equilibria and Rates in Natural Waters,” 3rd Edition, John Wiley & 

Sons, Inc., New York. 

24. Perrot, K.W., Smith, B. F. L. and Inkson, R. H. E. 1976. The reaction 

of fluoride with soil and soil minerals. European Journal of Soil 

Science, 27:58-67. 

25. Alvi, A. and Bell, R. M. L. 1998. Displacement and distortion of the 

ammonium ion in rotational transition states in ammonium fluoride 

and ammonium chloride. J. Chem. Phys, 110(12):5861-5865. 

26. Yaron, B., Dagan, G. and Goldschmidt J. (Eds). 1984. Pollutants in 

Porous Media. Springer, New York, NY, 296 pp. 

27. Gelhar, L.W. 1993. Stochastic Subsurface Hydrology: Englewood 

Cliffs, New Jersey, Prentice Hall, 390p. 

28. Chery, D.L. 1963. A Review of Rainfall-Runoff, Physical Models as 

Developed by Dimensional Analysis and Other Methods. Water 

Resources Research. (3),881-889. 

29. Chow, V.T. 1967. Laboratory study of water shed hydrology. Proc. 

Int. Hydro L Symp. 1, Fort Collins, Colo.,1. 194-202. 

30. Blair, H. A. 1966. A Groundwater Analogue Investigation of a Multi-

well Pumping Scheme at Otterbourne (Southampton Corporation 

Waterworks). Water Res. Assoc., Medmenham, Tech. Pap. 56, pp.71. 

31. Ishihara, T. and Ishihara, Y. 1961. Runoff analysis by analogue 

computer. Gen. Assemb. Int. Assoc. Hydraul. Res., 9th, Dubrovnik, 

pp. 749-759. 



 

51 
 

32. Brusseau, M. L.  and Rao, P.S.C. 1989a. Sorption nonideality during 

organic contaminant transport in porous media. CRC Crit. Rev. 

Environ. Control, 19, 33. 

33. Brusseau, M. L.  and Rao, P.S.C. 1989b. Sorption non-equilibrium 

and dispersion during transport of contaminants in groundwater: 

Field-scale processes. In: H.E. Kobus and W. Kinzelbach (Editors) 

Contaminant Transport in Ground Water. Balkema, Rotterdam, pp. 

237-244. 

34. Gardner, W. R. and Brooks, R. H. 1956. A descriptive theory of 

leaching. Soil Sci. 83, 295-304. 

35. Skopp, J. and Warrick, A. W. 1974.A two-phase model for the 

miscible displacement of reactive solutes in soils. Soil Sci. Soc. Am. 

Proc. 38:545-550. 

36. Van Genuchten, M. Th., Davidson, J. M. and Wierenga, P. J. 1974. 

An evaluation of kinetic and equilibrium equations for the prediction 

of pesticide movement through porous media. Soil Sci. Soc. Am. Proc. 

38, 29. 

37. Danckwerts, P. V. 1953. Continuous flow system: distribution of 

residence times. Chem. Eng. Sci. 2, 1-13. 

38. Biggar, J. W., and Nielsen, D. R. 1963. Miscible displacement: V. 

Exchange process. Soil. Sci. Soc. Amer. Proc. 27, 623-627. 

39. Elrick, D. E. and French, L. K. 1966. Miscible displacement patterns 

on disturbed and undisturbed soil cores. Soil Sci. Soc. Am. Proc. 

30,153-156. 

40. Kay, B. D. and Elrick, D. E.1967. Absorption and movement of 

lindane in soils. Soil Sci. 104,314-322. 

41. Davidson, J.M. and Change, R.K. 1972. Transport of picloram in 

relation to soil physical condition and pore-velocity. Soil Sci. Soc. 

Am. Proc. 36, 257-261. 



 

52 
 

42. Green, R.E. and Corey, J.C. 1972.  Pesticide absorption measurement 

by flow equilibration and subsequent displacement. Soil Sci. Soc. Am. 

Proc. 35, 561-65. 

43. Stevens, D. P., McLaughlin, M. J., and Alston, A. M. 1998a. 

Phytotoxicity of the fluoride ion and its uptake from solution culture 

by Avena sativa and lycopersicon esculentum. Plant and Soil 200: 

119-129. 

44. Arnesen, A. K. M.1997. Availability of fluoride to plants grown in 

contaminated soils. Plant and Soil 191, 13-25. 

45. Chaschin, V. 2007. The occurrence of fluorosis among pot room 

workers. 3th International Conference on Environmental, Health and 

Safety Aspects Related to Production of Aluminum, Loen, 63. 

46. Kongerud, О. 2007. Hydrogen fluoride and health effects. 3th 

International Conference on Environmental, Health and Safety 

Aspects Related to Production of Aluminum, Loen, 44. 

47. Jha, S.K. 2012. Geochemical and spatial appraisal of fluoride in the 

soils of Indo-Gangetic plains of India using multivariate analysis. 

Clean-Soil, Air, Water. 40(12):1392-1400. 

48. Saini, P., Khan, S., Baunthiyal, M. and Sharma, V. 2013. Effects of 

fluoride on germination, early growth and antioxidant enzyme 

activities of legume plant species Prosopis juliflora. Journal of 

Environmental Biology. 34:205-209. 

49. Ochoa-Herrera, V., Banihani, Q., Leon, G., Khatri, C., Field, J.A. and 

Sierra-Alvarez, R. 2009. Toxicity of fluoride to microorganisms in 

biological waste water treatment system. Water Research. 43:3177-

3186. 

50. Asensio, M., Ayuso, B., Ferragut, L. and Sangalli, G. 2007. Numerical 

methods for modelling leaching of pollutants in soils. Advances in 

Engineering Software, 38,429-438. 



 

53 
 

51. Genuchten, V., M.Th. and Alves, W.J. 1982. Analytical Solutions of 

the One-Dimensional Convective-Dispersive Solute Transport 

Equation. Technical Bulletin 1661, US Department of Agriculture, 

Washington DC. 

52. Lindstorm, F.T. and Boersma, L. 1989.Theory of Chemical Transport 

with Simultaneous Sorption in a Water Saturated Porous Medium. 

Soil Sci.,110:1-9. 

53. Begin, L., Fortin, J. and Caron, J. 2003. Evaluation of the Fluoride 

Retardation Factor in Unsaturated and Undisturbed Soil Columns. 

Soil Sci. Soc. Am. J., 67, 1635-1646. 

54. Genuchten, V., M.Th., and Parker, J. C. 1984. Boundary conditions 

for displacement experiments through short laboratory soil columns. 

Soil Sci. Soc. Am. J. 48:703–708. 

55. Lapidus, L., and Amundson, N. R. 1952. Mathematics of adsorption 

in beds. VI. The effect of longitudinal diffusion in ion exchange and 

chromatographic columns. J. Phys. Chem. 56:984–988. 

56. Ellsworth, T.R., Shouse, P.J., Skaggs, T. H., Jobes, J. A. and 

Fargerlund, J. 1996. Solute transport in unsaturated soil: Experimental 

design, parameter estimation, and model discrimination. Soil Sci. Soc. 

Am. J. 60:397–407. 

57. Bresler, E. 1987. Advances in Soil Science. Edi Stewart, B. A. 

Springer-Verlag, New York Berlin Heidelberg. 

58. Bastian, W.C. and Lapidus, L.1956. Longitudinal diffusion in ion 

exchange and chromatographic columns. The Journal of Physical 

Chemistry, 60(6), 816-817. 

59. Banks, R.B. and Ali, J. 1964. Dispersion and adsorption in porous 

media flow. Journal of Hydraulics Division, 90, 13-31. 

60. Ogata, A. 1970. Theory of dispersion in granular media. U.S. 

Geological Survey, Professional paper No. 411-I, I1-I34. 



 

54 
 

61. Marino, M.A. 1974. Distribution of contaminants in porous media 

flow. Water Resources Research, 10(5), 1013-1018. 

62. Van Genuchten, M. Th. 1981. Analytical solutions for chemical 

transport with simultaneous adsorption, zero-order production and 

first order decay. Journal of Hydrology, 49(3-4), 213-233. 

63. Shamir, U.Y. and Harleman, D.R.F. 1967. Dispersion in layered 

porous media. Journal of Hydraulics Division, 95(7), 237-260. 

64. Banks, R.B. and Jerasate, S. 1962. Dispersion in unsteady porous 

media flow. Journal of Hydraulics Division, 88, 1-21. 

65. Rumer, R. 1962. Longitudinal dispersion in steady flow. Journal of 

Hydraulics Division, 88(4), 147-172. 

66.  Yadav, R.R., Vinda, R.R. and Kumar, N. 1990. One-dimensional 

dispersion in unsteady flow in an adsorbing porous medium: An 

analytical solution. Hydrological Processes, 4(2), 189-196. 

67. Al-Niami, A.N.S. and Rushtom, K.R. 1977. Analysis of flow against 

dispersion in porous media. Journal of Hydrology, 33(1-2), 87-97. 

68. Kumar, N. 1983. Dispersion of pollutants in semi-infinite porous 

media with unsteady velocity distribution. Nordic Hydrology, 14(3), 

167-178. 

69. Zhang, H.M., Su, B. Y., Liu, P.H. and Zhang, W. 2007.Experimental 

Study of Fluorine Transport Rules in Unsaturated Stratified Soil. J 

China Univ Mining & Technol. 17(3): 0382-0386. 

70. Latinopoulos, P., Tolikas, D., and Hylopoulos, Y., 1988. Analytical 

solutions for two-dimensional chemical transport in aquifer. Journal 

of Hydrology, 98, 11-19. 

71. Yates, S.R. 1988. Three-dimensional radial dispersion in a variable 

velocity flow field. Water Resources Research, 24(7), 1083–1090. 

72. Batu, V. 1989. A generalized two-dimensional analytical solution for 

hydrodynamic dispersion in bounded media with first-type boundary 

condition at the source. Water Resources Research, 25(6), 1125-1132. 



 

55 
 

73. Batu, V. 1993. A generalized two-dimensional analytical solute 

transport model in bounded media for flux-type finite multiple 

sources. Water Resources Research, 29(8), 2881-2892.  

74. Leij, F.J., Skaggs, T.H., and Van Genuchten, M.Th.., 1991. Analytical 

solutions for solute transport in three-dimensional semi-infinite 

porous media. Water Resources Research, 27, 2719-2733. 

75. Leij, F.J., Toride, N. and Van Genuchten, M.Th., 1993. Analytical 

solutions for non-equilibrium solute transport in three-dimensional 

porous media. Journal of Hydrology, 151, 193-228. 

76. Chen, J.S., Liu, C.W., Chen, C.S. and Yeh, H. D. 1996. A Laplace 

transforms solution for tracer tests in a radially convergent flow field 

with upstream dispersion. Journal of Hydrology, 183, 263-275.  

77. Aral, M.M. and Liao, B. 1996. Analytical solutions for two-

dimensional transport equation with time dependent dispersion 

coefficients. Journal of Hydrologic Engineering, 1(1), 20–32.  

78. Smedt, F.D. 2007. Analytical solution and analysis of solute transport 

in rivers affected by diffusive transfer in the hyporheic zone. Journal 

of Hydrology, 339(1-2), 29-38. 

79. Begin, L., Fortin, J. and Caron, J. 2003. Evaluation of the Fluoride 

Retardation Factor in Unsaturated and Undisturbed Soil Columns. 

Soil Sci. Soc. Am. J. 67:1635–1646. 

80. Djordjevich, A. and Savovic, S. 2017. Finite difference solution of 

two-dimensional solute transport with periodic flow in homogeneous 

porous media. J. Hydrol. and Hydromech., 65(4); 426-432. 

81. Das, P., Akhter, A. And Singh, M. K. 2018. Solute transport modelling 

with the variable temporally dependent Boundary. Sådhanå; 43:12. 

82. Yadav, R. R. and Kumar, L. K. 2018. Two-dimensional conservative 

solute transport with temporal and scale-dependent dispersion: 

Analytical solution. Int. J. Adv. in Math, (2); 90-111. 



 

56 
 

83. Yadav, R. R. and Kumar, L. K. 2019. Solute Transport for Pulse Type 

Input Point Source along Temporally and Spatially Dependent Flow. 

Pollution, 5(1): 53-70. 

84. Saxena, S., Garg, A.K., Rani, A. and Gupta, A.K. 2014. An effect of 

cation on leaching of fluoride from saline soils: A kinetic approach. 

International Journal of Innovative Research in Science, Engineering 

and Technology. 3(2):9302-9310. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

57 
 

 

 

Chapter 3 

 

 

 

 

Mathematical Formulation and 

Solution for Fluoride Ion Transport 

in Soil 
 

 

 

 

 

 

 

 

 

 

 

 



 

58 
 

3.1 INTRODUCTION 

 

The study of fluoride ion transport in soils is important for a number of 

reasons. Fluoride is an important micronutrient required for human and 

animal health. But it may be highly toxic particularly if present in high 

concentrations. Thus, fluoride becomes a pollutant if its concentration 

exceeds some prescribed water quality standard i.e. if it is greater than 1ppm 

as defined by WHO. The study of the fate of fluoride ion in soil and resultant 

pollution in soil and groundwater is vital for sustaining agricultural 

productivity and land utility. 

 

The geological media between the land surface and the regional water table 

below is called the unsaturated zone or vadose zone [1]. The word “vadose” 

is derived from the Latin word vadosus meaning shallow [2] As per the 

definition, the vadose zone includes the crop root layer, the intermediate zone 

between the root layer and the capillary fringe above the saturated water 

table. It plays a vital role in the global hydrological cycle controlling surface 

water infiltration, runoff and evaporation and hence the availability of soil 

water and nutrients to plants. In recent years much more, attention has been 

focused on chemical transport in and through this zone [3,4]as a result of 

increased use of agrochemicals such as fertilizers and pesticides and 

increased demands to store and dispose of industrial and municipal wastes 

such as sewage. The vadose zone is usually the first subsurface environment 

to encounter surface applied agrochemicals and contaminants and hence all 

surface and subsurface chemical concentrations and subsequent 

environmental impacts are inextricably linked to the physical, biological and 

chemical dynamics including sorption-desorption, volatilization, photolysis 

and degradation [2]. 
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Our current understanding of physical and chemical processes in the vadose 

zone results largely from more than 70 years of mathematical modeling of 

variably saturated flow using Richards’ equation [5] coupled with the 

Fickian-based convection-dispersion equation for solute transport. 

Analytical and numerical solutions of these classical equations are widely 

used to study and predict water flow and solute transport for specific 

laboratory and field experiments and to extrapolate these results for other 

experiments in different soils, crops and climatic conditions.  

 

The industries dealing with aluminium, steel, glass, and fertilizer are the main 

contributor to generation of fluoride wastes. When a great deal of fluoride 

pollutants is drained into the soil and the amount of pollutants exceeds the 

capacity of self-purification of the soil, pollutants will continue to leach 

downwards with water and pollute groundwater. Since Fluorine is reactive in 

nature, it infiltrates through the vadose zone and reach the water-table and 

continue to migrate in the direction of groundwater flow. Therefore, in order 

to avoid health risk, it is essential to understand the transport process of 

fluoride through the subsurface porous media. It is also crucial from the point 

of view of predicting and controlling the migration of fluoride in the soil-

water system. 

The process of transport of reactive contaminants through porous media has 

been represented by various mathematical models over the years [6, 7, 8]. 

Out of the numerous investigations conducted on the transport and 

persistence of contaminants in the soil system most of them have focussed 

more on the transport of parent material [9, 10, 11]. 

The transport of reactive chemicals in porous media undergoes various 

chemical changes through advection, diffusion and dispersion. In addition, it 

involves other mechanisms like rate-limited sorption and desorption, 

biodegradation, and chemical reaction. An analytical solution of the reactive 

transport equation in a finite soil column for both continuous and pulse-type 
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solutes at the soil surface has been developed [12]. The solution of transport 

equation considered reversible and irreversible solute adsorptions. The 

irreversible adsorption was represented by the sink/source term. 

The solute transport process has been modelled using the soil water column 

experiment [13]. The present research study presents a mathematical model 

to study leaching kinetics of F- by loading KF on undisturbed vertical soil 

column of the soil collected from Sambhar region of Rajasthan [13].  

 

3.2 EXPERIMENTAL BACKGROUND 

 

In the soil column experiment [13] soil columns were prepared surrounded 

by glass jacket of continuously flowing thermostat water. 60 g soil of pH 8.2 

and of particle size (53>r) was gently packed at water filled porosity 0.315 

𝑐𝑚3/𝑐𝑚3.The leachate’s pore volume was determined using equation (1) 

[14]. 

 

 

 𝑃𝑣 =
𝑞𝑡

𝜃𝑉
 (1) 

Where 

 

q =Volume of effluent collected per unit time i.e. flow rate cm3 h-1 

t =Time that has elapsed since the slug was introduced 

θ =Water filled porosity 𝑐𝑚3/𝑐𝑚3 

V =Total volume of soil column.  
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A schematic diagram of the soil column leaching experiment is shown below 

 

Fig. 1. Schematic diagram of column leaching [13] 

 

In each experiment, a fixed volume of aqueous salt solution (slug) with 

desired anion concentration (KF) was added at the top of the soil column and 

was allowed to get adsorbed uniformly in the column for 24 hrs, after which 

the column was continuously leached with de-ionized water or with other 

extractant as per requirement of the study [13]. The flow rate of extractant 

measured was constant (2+0.5 ml/10 min). Till the soluble anions were 

completely removed, leaching was carried out. After which, the column soil 

was transferred into the beaker in a known volume of extractant and this salt 

solution was stirred for 2 hrs. The ion concentration was further determined 

in the filtrate of the soil suspension to ensure the complete removal of soluble 

ions from the soil in the column. The total leachable concentration was taken 

equal to the total leachable concentration present initially during leaching 

(i.e. concentration t=0). The concentration of ions was determined in leachate 
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collected periodically at an interval of 2 min, during each kinetic run. 

 

3.3 THEORETICAL DEVELOPMENT AND GOVERNING 

EQUATIONS 

The soil column has been assumed to be a homogeneous and isotropic porous 

medium that is having same water content, bulk density and retention factor. 

Only the vertical steady-state flow of water perpendicular to the soil layer is 

investigated. 

The governing one-dimensional advective–dispersive transport equation 

considering equilibrium sorption and first-order degradation constant of ion 

as observed in the soil column experiment can be written as   

 
𝜕(𝜃[𝐹−])

𝜕𝑡
+
𝜕(𝜌𝑆)

𝜕𝑡
= 𝐷 {

𝜕2(𝜃 [𝐹−])

𝜕𝑧2
} − 𝑞

𝜕[𝐹−]

𝜕𝑧
− 𝜃𝑘[𝐹−] (2) 

Where [𝐹−] = concentration of leached fluoride ion in the solution phase, S= 

concentration of the ion in the adsorbed phase, θ= volumetric water content; 

q= Darcy’s Flux; k= first order degradation constant for fluoride ion, D= 

Dispersion coefficient, 𝜌 = soil bulk density, 𝑧 = is vertical coordinate 

measured vertically downwards, 𝑡 = is time in sec. 

The course and persistence of the fluoride ion in the unsaturated and saturated 

zones is determined by its transformation process. The main among processes 

being microbiological degradation (biodegradation) and hydrolysis 

(chemical degradation). The microbiological decomposition of chemicals in 

the solution phase through enzymatically mediated reactions is 

biodegradation. The need of microorganism for energy, carbon, and other 

essential nutrients is the impetus for these decomposition reactions.  

In hydrolysis the chemical speciation of an organic contaminant gets 

changed. In this, as a result of the reaction of the fluoride salt with water, an 

exchange of some functional group from the salt with a hydroxyl (𝑂𝐻−) 

group takes place. The extent of fluoride ion contamination attenuation by 
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both bio degradation and hydrolysis depends on the chemical properties of 

the contaminant as well as the aqueous medium. The transformation 

processes in present case is shown to be following first-order kinetic 

reactions [13]. In this study the k denotes the first-order rate constants of the 

fluoride ion.  

The apparent dispersion coefficient, D, in Equation (2), represents the 

combined effects of molecular diffusion and mechanical dispersion 

(velocity-dependent). Therefore, D can be expressed as  

 𝐷 = 𝐷𝑚 + 𝛼|𝑉|, (3) 

where 𝐷𝑚 = molecular diffusion coefficient dependent on the moisture 

content, 𝜃; 𝑉 = 𝑞/𝜃 = effective pore-water velocity; and 𝛼 =dispersivity. 

There is wide variation in dispersivity estimates for field and laboratory 

locations, which may be due to the non-homogeneous and anisotropic nature 

of the field flow system compared to homogeneous, isotropic conditions of 

laboratory tests [15].  

The apparent dispersion coefficient given by equation (3) is appropriate for 

saturated and partially saturated flow conditions. The mechanical dispersion 

term is analogous to molecular diffusion in effect, but not in mechanism. The 

flow is assumed to be steady (𝜕𝜃 𝜕𝑡 = 0⁄ ) and therefore equation (2) reduces 

to 

 
𝜕[𝐹−]

𝜕𝑡
+
𝜌 𝜕(𝑆)

𝜃  𝜕𝑡
= 𝐷 {

𝜕2([𝐹−])

𝜕𝑧2
} −

𝑞

𝜃

𝜕[𝐹−]

𝜕𝑧
− 𝑘[𝐹−]. (4) 

The above transport equation (4) takes into account the transport, adsorption, 

and transformation of fluoride ion. The term 𝑘[𝐹−] in equation (4) represents 

the degradation of the parent fluoride salt to the first-step product. 

The term S represents the concentration of the fluoride ion adsorbed to the 

soil. For simplification, we assume an existence of a local equilibrium and 

linear adsorption isotherm solution and adsorbed phases, then  

 𝑆 = 𝐾[𝐹−] (5) 
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K is the distribution coefficient for the fluoride ion [𝐹−] and therefore on 

differentiating equation (5) with respect to time t, we get  

 
𝜕𝑆

𝜕𝑡
= 𝐾

𝜕[𝐹−]

𝜕𝑡
 (6) 

Substituting the value of  
𝜕𝑆

𝜕𝑡
 equation (6) in equation (4) and simplifying we 

get the following expression 

 (
𝜌𝐾

𝜃
+ 1)

𝜕[𝐹−]

𝜕𝑡
= 𝐷

𝜕2[𝐹−]

𝜕𝑧2
−
𝑞

𝜃

𝜕[𝐹−]

𝜕𝑧
− 𝑘[𝐹−], (7) 

Or writing above equation (7) as 

 𝑅
𝜕[𝐹−]

𝜕𝑡
= 𝐷

𝜕2[𝐹−]

𝜕𝑧2
− 𝑉

𝜕[𝐹−]

𝜕𝑧
− 𝑘[𝐹−], (8) 

where 𝑅 = 1 +
𝜌𝐾

𝜃
  known as the Retardation Factor and 𝑉 =

𝑞

𝜃
  the pore 

water velocity. The retardation factor represents the extent to which the 

movement of the parent material or its metabolites are retarded relative to the 

water movement in the soil.  

The initial and boundary conditions applied to equation (8) are 

 [𝐹− ] = [𝐹− ]𝑖     𝑤ℎ𝑒𝑛 𝑡 = 0, 𝑧 ≥ 0, (9a) 

 [𝐹− ] =    {
[𝐹− ]𝑎𝑑        0 < 𝑡 ≤ 𝑡0
0                      𝑡 > 𝑡0

, (9b) 

 
𝜕[𝐹−]

𝜕𝑧
|
𝑧=∞

= 0. (9c) 

Here [𝐹− ]𝑖 is the leachable [𝐹− ] concentration present initially in the soil 

column and [𝐹− ]𝑎𝑑 is the [𝐹− ] concentration introduced in the soil column 

and the pulse time is t=t0.   

 

3.4 ANALYTICAL SOLUTION 

The analytical solutions [16,17] for the fluoride transport problem in semi-

infinite column with a first order decay and zero order production are 

discussed here. Because of the relatively small imposed mathematical 
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boundary conditions, the analytical solution for a semi-infinite system should 

provide close approximations to analytical solutions that are applicable to 

physical well-defined system, especially for laboratory columns that are not 

too short [18]. 

Now onwards writing fluoride ion concentration at any time t as C i.e. [𝐹−]. 

Thus equation (8) takes the form  

 

 𝑅

𝐷

𝜕𝐶

𝜕𝑡
=
𝜕2𝐶

𝜕𝑧2
−
𝑉

𝐷

𝜕𝐶

𝜕𝑧
−
𝑘

𝐷
𝐶. 

(10) 

   

Here on representing initial concentration of fluoride ion i.e. [𝐹− ]𝑖  as C0 and 

pulse application of fluoride ion to the soil surface [𝐹− ]𝑎𝑑 as Ci (for a 

duration 𝑡0).  

Taking Laplace transform of equation (10), the following expression is 

obtained 

 

 𝑑2𝐶̅

𝑑𝑧2
−

𝑉

𝐷

𝑑𝐶̅

𝑑𝑧
−

𝑘

𝐷
𝐶̅ =

𝑅

𝐷
[𝑠𝐶̅ − 𝐶(𝑧, 0)], 

 

(11) 

 Where, 

 
𝐶̅ = 𝐶̅(𝑧, 𝑠) = ∫ 𝐶(𝑧, 𝑡)exp (−𝑠𝑡)𝑑𝑡

∞

0

. 
(12) 

   

Substituting the value of 𝐶(𝑧, 0) = 𝐶0 from equation (9a) in equation (11), 

the resultant expression obtained is  

 

 𝑑2𝐶̅

𝑑𝑧2
−
𝑉

𝐷

𝑑𝐶̅

𝑑𝑧
−
𝑅𝑠 + 𝑘

𝐷
𝐶̅ = −

𝑅𝐶0
𝐷
. 

(13) 

  

Similarly taking Laplace transform of initial and boundary conditions (9b) 

and (9c), we get 

 
𝐶̅(0, 𝑠) =

𝐶𝑖
𝑠
 ,     

(14a) 
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 𝜕𝐶̅

𝜕𝑧
= 0  𝑎𝑠  𝑧 → ∞. 

(14b) 

 

On solving equation (13), we obtain 

 
𝐶̅(𝑧, 𝑠) = 𝐶1 exp(𝑟𝑧) + 𝐶2 exp(𝑟1𝑧) +

𝑅𝐶0
𝑅𝑠 + 𝑘

, 
(15) 

where  

 

𝑟 =
𝑉

2𝐷
+ √

𝑉2 + 4𝐷(𝑘 + 𝑅𝑠)

4𝐷2
 

(16a) 

 

 

 

𝑟1 =
𝑉

2𝐷
− √

𝑉2 + 4𝐷(𝑘 + 𝑅𝑠)

4𝐷2
 

(16b) 

 

Using equations (14a) and (14b) in equation (15) the values of C1 and  C2 

obtained are as follows 

 𝐶1 = 0, (17) 

 
𝐶2 =

𝐶𝑖
𝑠
−

𝑅𝐶0
𝑅𝑠 + 𝑘

. 
(18) 

 

Thus, solution of equation (15) is given as  

 

 
𝐶̅(𝑧, 𝑠) = [

𝐶𝑖
𝑠
−

𝑅𝐶0
𝑅𝑠 + 𝑘

] exp(𝑟1𝑧) +
𝑅𝐶0
𝑅𝑠 + 𝑘

 
(19) 

 

On taking inverse Laplace transform of equation (19) following solution as 

given by [18] is obtained 

 

 

𝐶(𝑧, 𝑡)

= {
𝐶0𝐴(𝑧, 𝑡) + 𝐶𝑖𝐵(𝑧, 𝑡)                               0 < 𝑡 ≤ 𝑡0

𝐶0𝐴(𝑧, 𝑡) + 𝐶𝑖𝐵(𝑧, 𝑡) − 𝐶𝑖𝐵(𝑧, 𝑡 − 𝑡0)          𝑡 >  𝑡0    ,   
 

(20) 

 

 

where 
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𝐴(𝑧, 𝑡) = 𝑒−
𝑘𝑡
𝑅 {1 −

1

2
𝑒𝑟𝑓𝑐 [

𝑅𝑧 − 𝑉𝑡

2√𝐷𝑅𝑡
]

−
1

2
𝑒𝑥𝑝 (

𝑉𝑧

𝐷
) 𝑒𝑟𝑓𝑐 [

𝑅𝑧 + 𝑉𝑡

2√𝐷𝑅𝑡
]}, 

(21) 

 and 

 

𝐵(𝑧, 𝑡) =
1

2
𝑒𝑥𝑝 [

(𝑉 − 𝑈)𝑧

2𝐷
] 𝑒𝑟𝑓𝑐 [

(𝑅𝑧 − 𝑈𝑡)

2√𝐷𝑅𝑡
]

+
1

2
𝑒𝑥𝑝 [

(𝑉 + 𝑈)𝑧

2𝐷
] 𝑒𝑟𝑓𝑐 [

(𝑅𝑧 + 𝑈𝑡)

2√𝐷𝑅𝑡
], 

                   

(22) 

here   

 𝑈 = √𝑉2 + 4𝑘𝐷𝑅. (23) 

 

3.5 NUMERICAL SOLUTION 

The numerical model [19,20]is more preferable as it is easy to incorporate 

flexible boundary conditions as compared to the analytical solution. Here, an 

explicit finite-difference numerical technique is used to get the numerical 

solution of advective–dispersive transport equation including equilibrium 

sorption and first-order degradation for solute concentration in the solution 

phase. Applying the explicit scheme of finite difference method as by [21,22] 

to equation (8) and writing fluoride ion concentration at any time t as C i.e. 

[𝐹−] the following approximation of the said equation (8) is obtained for an 

internal node i 

 
𝑅
𝐶𝑖,𝑗 − 𝐶𝑖,𝑗−1

∆𝑡

= 𝐷
𝐶𝑖−1,𝑗−1 − 2𝐶𝑖,𝑗−1 + 𝐶𝑖+1,𝑗−1

∆𝑧2

− 𝑉
𝐶𝑖+1,𝑗−1 − 𝐶𝑖−1,𝑗−1

2∆𝑧
− 𝑘𝐶𝑖,𝑗 

(24) 

 

i-1 represents a known spatial level, j and j-1 represent the time levels,  ∆𝑧 

represents the grid size along the travel distance, and  ∆𝑡 represents the time 

interval. 

Simplifying equation (24) the following expression is obtained, 
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[1 +

𝑘∆𝑡

𝑅
] 𝐶𝑖,𝑗

= 𝐶𝑖,𝑗−1 [1 −
2𝐷∆𝑡

𝑅∆𝑧2
]

+ 𝐶𝑖−1,𝑗−1 [
𝐷∆𝑡

𝑅(∆𝑧)2
+
𝑉∆𝑡

2𝑅∆𝑧
]

+ 𝐶𝑖+1,𝑗−1 [
𝐷∆𝑡

𝑅(∆𝑧)2
−
𝑉∆𝑡

2𝑅∆𝑧
] 

                     

(25) 

For equation (25) to be stable 

 

 
[1 −

2𝐷∆𝑡

𝑅(∆𝑧)2
] ≥ 1       𝑎𝑛𝑑  [

𝐷∆𝑡

𝑅(∆𝑧)2
−
𝑉∆𝑡

2𝑅∆𝑧
] ≥ 0  

 

(26) 

The system of linear equations so obtained were solved using Gauss –Jordan 

Method. The values of  ∆𝑧 were taken in consonance with equation (26). The 

temporal [𝐹−]  concentration profile for fluoride transport through the soil 

column has been shown in figures below. The numerical and analytical 

results of concentration profiles of [𝐹−] have been compared with 

experimental results and verified. 

3.6 RESULTS AND DISCUSSION  

This section shows the results obtained numerically in the form of initial 

leaching rate profile for [𝐹−]  leaching for added salt KF at the specified 

values of parameters given in the Table (1) below 

 

Table 1: Values of some physio-chemical parameters of the soil [13]  

Symbol Constant Values 

pH Soil pH 8.2 

𝜌 Bulk Density 1.48𝑔𝑚/𝑐𝑚3 

𝜃 Water filled porosity 

θ 

0.315𝑐𝑚3/𝑐𝑚3 

𝑘 First order 

degradation  

constant 

0.00296/𝑠𝑒𝑐 

𝐿 Length of Soil 

Column 

60𝑐𝑚 
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The leaching profiles in Fig. 2,3,4,5,6,7 represent the plotted graph between 

time and the [𝐹− ]𝑙 that is leachable fluoride remaining at time t in the soil 

column at different values of [𝐹− ]𝑎𝑑. In the laboratory experiment [13] the 

fluoride source is supplied for predefined time 𝑡0(24 hrs) that is it has a finite 

pulse source. The pore volume and relative concentration profile for leached 

[𝐹−]concentration in Fig. 8,9,10,11,12, and 13 have been predicted for 

column Peclet number 𝑃𝑒 = 2 and Retardation factor 𝑅 = 15.The column 

Peclet number is expressed as 𝑃𝑒 =
𝑉𝐿

𝐷
= 2  where V= pore velocity; L= 

column length= 60 cm; D= dispersion coefficient. 

 

 

 

Fig.2 Leachable Fluoride ion concentration vs time when [𝐹− ]𝑎𝑑 =0 mg/kg 
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Fig.3 Leachable Fluoride ion concentration vs time when [𝐹− ]𝑎𝑑 =166 

mg/kg 

 

 

 

Fig.4 Leachable Fluoride ion concentration vs time when [𝐹− ]𝑎𝑑 

=250mg/kg 
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Fig.5 Leachable Fluoride ion concentration vs time when [𝐹− ]𝑎𝑑 

=333mg/kg 

 

 

 

 

Fig.6 Leachable Fluoride ion concentration vs time when [𝐹− ]𝑎𝑑 

=417mg/kg 

150

170

190

210

230

250

270

290

310

330

0 120 240 360 480 600

L
ec

h
ab

le
 F

lu
o

ri
d

e 
io

n
 C

o
n
ce

n
tr

at
io

n

in
 m

g
/k

g

Time in sec

Experimental

Analytical

Numerical

150

200

250

300

350

400

450

0 120 240 360 480 600

L
ec

h
ab

le
 F

lu
o

ri
d

e 
io

n
 C

o
n
ce

n
tr

at
io

n

in
 m

g
/k

g

Time in sec

Experimental

Analytical

Numerical



 

72 
 

 

 

Fig.7 Leachable Fluoride ion concentration vs time when [𝐹− ]𝑎𝑑 

=500mg/kg 

The pore volume and relative concentration profiles for leached 

[𝐹−]concentration is shown in Fig.8,9,10,11,12,13 for different values of 

[𝐹− ]𝑎𝑑. 

 

 

 

 

Fig.8 Pore Volume vs Relative Concentration of Leached Fluoride ion 

when [𝐹− ]𝑎𝑑 =0 mg/kg 
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Fig.9 Pore Volume vs Relative Concentration of Leached Fluoride ion 

when [𝐹− ]𝑎𝑑 =166 mg/kg 

  

 

 

 

 

Fig.10 Pore Volume vs Relative Concentration of Leached Fluoride ion 

when [𝐹− ]𝑎𝑑 =250 mg/kg 
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Fig.11 Pore Volume vs Relative Concentration of Leached Fluoride ion 

when [𝐹− ]𝑎𝑑 =333 mg/kg 

 

 

 

Fig.12 Pore Volume vs Relative Concentration of Leached Fluoride ion 

when [𝐹− ]𝑎𝑑 =417 mg/kg 
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Fig.13 Pore Volume vs Relative Concentration of Leached Fluoride ion 

when [𝐹− ]𝑎𝑑 =500 mg/kg 

 

3.7 CONCLUSION 

Experimental, analytical and numerical results of BTCs have been presented 

for fluoride ion transport in soil. Numerical explicit finite-difference method 

was used to get the solution of advective–dispersive transport equation. The 

experimental BTCs fluoride ion through soil column has been simulated well 

by using the numerical model. The paper demonstrates that the combination 

of multicomponent chemistry, diffusion-limited sorption and transport can 

be modelled by combining mechanistic process descriptions. There were 

often more influencing factors than initially anticipated, even in relatively 

simple systems. Nevertheless, mechanistic modelling provides valuable 

insights into the processes that are involved in transport of fluoride in soil 

systems. From the graphs it is clear that analytical results are more 

comparable to observed results as compared to the numerical results. The 

numerical simulation also exhibits a fair comparison of the observed and 

simulated values. 
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4.1 INTRODUCTION 

Fluoride occurring naturally in the earth’s crust in the form of rocks, coal, 

clay, and soil is released into the environment via the natural process of 

weathering of minerals, in emissions from volcanic ash and in marine 

aerosols [1]. Other anthropogenic sources causing deposition of Fluoride into 

soil are both direct through phosphate fertilizers or indirect through 

atmospheric pollution from industrial activities and burning of fossil fuels 

[2]. In areas without natural phosphate or fluoride deposits, the total fluoride 

concentrations in soils range from 20 to 1,000 μg/g, whereas the 

concentration in organic soils are usually lower [3 ,4]. 

 

Fluoride is a micro nutrient required for dental and skeletal growth of 

mammals. At the same time, it is also one of the most important 

environmental micro pollutants responsible for soil and groundwater 

pollution causing dental and skeletal fluorosis [5,6,7]. The concentration of 

fluoride that occurs in groundwater and the rate by which fluoride migrates 

to groundwater are the key factors determining the risk for human health and 

the environment. Both these processes are strongly influenced by the 

interaction of dissolved fluoride with the soil solid phase via adsorption and 

desorption [8] and cation-anion exchange. Therefore, it is important to study 

the migration and transport of fluoride ion in soil. 

 

The development of mathematical models is an integral component of any 

effort to understand and predict the transport phenomena of fluoride 

migration and its persistence in soil and groundwater. The attention to 

prevent, reduce and eliminate soil and groundwater pollution has been 

growing with the growing importance of groundwater resources and the 

models are helpful tools to design and implement soil and crop management 

practises which minimize soil and water contamination. 
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Over the years, various mathematical models for the process of transport of 

reactive contaminants through porous media have been developed [9, 10, 11] 

based on advection diffusion equation. The advection diffusion equation is 

parabolic second order partial differential equation built on the basis of 

conservation of mass and Fick’s first law of diffusion. 

 

Analytical solutions of one-dimensional solute transport problems with 

different initial and boundary conditions, in finite as well as semi-finite 

domain have been reported in the literature [12 ,13]. 

 

Most of the works [14 ,15 ,16,17and 18] are based on assuming ideal 

conditions for porosity, seepage flow and dispersion. Some works [19, 20 ,21 

,22] includes the deviation in ideal conditions, due to adsorption, first order 

radio-active decay and/or chemical reactions. The study of uniform flow and 

unsteady flow against the dispersion in finite porous media were also 

undertaken [23,24]. A numerical model for one dimensional fluoride 

transport in unsaturated stratified soil considering the retardation factor and 

source sink term has been also presented [25]. 

The development of solute transport problems in two dimensions involve 

both longitudinal as well as transverse dispersion along with porous media 

flow in addition to advection. The literature is replete with numerous works 

on solutions of two, three-dimensional advection -diffusion equations [26 ,27 

,28,29,30,31]. A Laplace transform solution for tracer tests have been 

developed [32] developed assuming that advection and longitudinal 

dispersion are the transport mechanisms in a radially converging flow field. 

An instantaneous and continuous point-source solution for a two-

dimensional ADE model with constant, linear, asymptotic, and exponentially 

varying dispersion coefficients has also been developed [33]. 

Model for solute transport in rivers based on advection-dispersion equation 

for transport in the main channel with a sink term describing diffusive solute 
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transfer to the hyporheic zone [34] has also been developed and the analytical 

solution of the system of equations so obtained was found for instantaneous 

injection of a conservative tracer in an infinite uniform river reach with 

steady flow [33].  

Convective -dispersive equation (CDE) and Convective -lognormal transport 

(CLT) models were employed [35] to study fluoride retardation factor in 

unsaturated and undisturbed soil column. A numerical solution using finite 

difference technique was developed [36] for two-dimensional solute 

transport with periodic flow in homogeneous porous media. Analytical and 

numerical solutions for solute transport modelling in homogeneous semi-

infinite porous medium with the variable temporally dependent boundary has 

been also studied [37]. Mathematical model for two-dimensional solute 

transport in a semi-infinite heterogeneous porous medium with spatially and 

temporally dependent coefficients for pulse type input concentration of 

varying nature has been developed [38].  

In our earlier chapter one dimensional advection -dispersion equations were 

developed to represent fluoride ion leaching and analytical and numerical 

solutions were obtained. On comparing the analytical and experimental 

values it is found that the analytical solution offers a good comparison to the 

observed values. One dimensional model takes into account the flow or 

contamination of fluoride only in longitudinal direction that is downwards. 

In the present paper a two-dimensional advection-dispersion model fluoride 

transport in soil is   presented in which, the transverse component of velocity 

and dispersion coefficients are also considered along with the longitudinal 

components. The longitudinal and transverse seepage velocities are taken to 

be constant. The properties of soil column experiment are extended here also 

and therefore in the model we assume the soil medium to be homogeneous, 

isotropic saturated and of semi-infinite in horizontal plane. Since fluoride is 

reactive in nature and has the tendency to get adsorbed in the medium 

retardation factor and a first order decay term as a constant is also considered. 
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A pulse type boundary condition is assumed which is in consonance with the 

realistic situation in the sense that generally industries or waste sites release 

pollution in a finite period or pesticides containing fluorides are applied for 

a certain duration of time with the awareness of the pollution or government 

regulation. Analytical solution is obtained for a fixed initial concentration 

with the help of Laplace transformation technique. 

 

4.2 MATHEMATICAL FORMULATION OF THE PROBLEM 

The soil medium has been assumed to be a homogeneous and isotropic 

porous medium that is having same water content, bulk density and retention 

factor. The fluorides find their way into the soil subsurface predominantly by 

advection, that is by flow of groundwater, and by dispersion which is caused 

by mechanical mixing and molecular diffusion. Due to small seepage 

velocity molecular diffusion is neglected.  

Assuming that the fluoride is introduced in to the soil system in the form of 

pulse i.e. for a time t0 >t, the distance in downward direction i.e. longitudinal 

direction be represented by x [L] and the distance in horizontal i.e. lateral 

direction be represented by y [L]. The two-dimensional advection-diffusion 

equation is given as  

 

 
𝑅
𝜕𝐶

𝜕𝑡
= 𝐷𝑥

𝜕2𝐶

𝜕𝑥2
+ 𝐷𝑦

𝜕2𝐶

𝜕𝑦2
− 𝑢

𝜕𝐶

𝜕𝑥
−  𝑣

𝜕𝐶

𝜕𝑦
− 𝑘𝐶. 

(1) 

 

Here C = C (x, y, t) = concentration of fluoride at any time t; Dx [LT-2] 

=Dispersion coefficient along longitudinal direction; Dy [LT-2] = Dispersion 

coefficient along transverse direction;  

u[LT-1] = uniform constant velocity along x or longitudinal direction and 

v[LT-1] = uniform constant velocity along y or transverse direction; R= 

retardation factor (dimensionless); k= degradation constant. 
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The dispersion coefficient is proportional to a power of the seepage velocity 

which ranges between 1 and 2 [39]. In India, the experimental observation 

has shown that the dispersion is directly proportional to the seepage velocity 

with a power ranging from 1 to 1.2 [40] and is applicable to various porous 

media. In present study dispersion is assumed to be directly proportional to 

the seepage velocity. Therefore, 

 

 𝐷𝑥 = 𝑎𝑢  𝑎𝑛𝑑 𝐷𝑦 = 𝑏𝑣, (2) 

 

where a and b are the coefficients having the dimensions [L] and depends 

upon pore geometry and average pore size diameter of the porous medium. 

The source of fluoride contamination is taken to be uniform pulse-type point 

source that is, it is introduced into the porous medium continuously at a 

uniform rate up to a certain time period i.e. t0 and for t >. t0 it becomes zero. 

The porous medium is considered to be having some inherent initial 

concentration of fluoride Ci. Flux type homogeneous conditions are assumed 

at far ends of the medium, along both the directions. So, writing initial and 

boundary conditions mathematically   

  

 𝐶(𝑥, 𝑦, 𝑡) = 𝐶𝑖    ;     𝑥 ≥ 0, 𝑦 ≥ 0 , 𝑡 = 0. (3) 

 
𝐶(𝑥, 𝑦, 𝑡) = {

𝐶0 ;     0 < 𝑡 ≤ 𝑡0 
0   ;                𝑡 ≥ 𝑡0

 , 
(4a) 

 𝜕𝐶

𝜕𝑥
= 0 ;  

𝜕𝐶

𝜕𝑦
= 0 ; 𝑥 → ∞, 𝑦 → ∞, 𝑡 ≥ 0. 

(4b) 

 

 

4.3  ANALYTICAL SOLUTION 

The problem of fluoride transport modelling in homogeneous porous medium 

can be solved using numerical, analytical, statistical, finite element method 

etc. It has been observed that the analytical approach is more significant to 

estimate the pattern of solute concentration and various transport parameters 

from field data [40,41]. Also, in the earlier chapter for one dimensional 
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model, the analytical solution shows more comparison with observed 

experimental values.  

Introducing a new space variable  

 

 

𝑧 = 𝑥 + 𝑦√
𝐷𝑦

𝐷𝑥
. 

(5) 

 

Using equation (5) in equation (1), the resultant equation obtained is 

 

 
𝑅
𝜕𝐶

𝜕𝑡
= 𝐷

𝜕2𝐶

𝜕𝑧2
− 𝑈

𝜕𝐶

𝜕𝑧
− 𝑘𝐶, 

(6) 

where, 

 
𝐷 = 𝐷𝑥 (1 +

𝐷𝑦
2

𝐷𝑥
2
) , 

(7) 

and 

 
𝑈 = 𝑢 + 𝑣√

𝑣

𝑢
. 

(8) 

   

Using the new space variable z, the initial condition given by equation (3) 

and the boundary conditions given by (4a), (4b) are written as 

 

 𝐶(𝑧, 𝑡) = 𝐶𝑖    ;     𝑧 ≥ 0, 𝑡 = 0. (9) 

 𝐶(𝑧, 𝑡) = {
𝐶0 ;     0 < 𝑡 ≤ 𝑡0 
0   ;                𝑡 ≥ 0

 , (10a) 

 𝜕𝐶

𝜕𝑧
= 0 ;  𝑧 → ∞, 𝑡 ≥ 0. 

(10b) 

 

Now, in order to solve equation (6), the following transformation is 

introduced which removes the convective term 𝑈
𝜕𝐶

𝜕𝑧
: 

 

 
𝐶(𝑧, 𝑡) = 𝐾(𝑧, 𝑡)𝑒𝑥𝑝 {

𝑈𝑧

2𝐷
−
1

𝑅
(
𝑈2

4𝐷
+ 𝑘) 𝑡} 

(11) 
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The terms 
𝜕𝐶

𝜕𝑡 
,
𝜕𝐶

𝜕𝑧
 𝑎𝑛𝑑 

𝜕2𝐶

𝜕𝑧2
   found from equation (11) to be used in equation 

(6) are as follows: 

 

 𝜕𝐶

𝜕𝑡
= 𝑒𝑥𝑝 {

𝑈𝑧

2𝐷
−
1

𝑅
(
𝑈2

4𝐷
+ 𝑘) 𝑡} {

𝜕𝐾

𝜕𝑡
−
𝐾

𝑅
(
𝑈2

4𝐷
+ 𝑘)}, 

 

(12) 

 𝜕𝐶

𝜕𝑧
= 𝑒𝑥𝑝 {

𝑈𝑧

2𝐷
−
1

𝑅
(
𝑈2

4𝐷
+ 𝑘) 𝑡} {

𝜕𝐾

𝜕𝑧
+
𝑈𝐾

2𝐷
}, 

 

(13) 

 𝜕2𝐶

𝜕𝑧2
= 𝑒𝑥𝑝 {

𝑈𝑧

2𝐷
−
1

𝑅
(
𝑈2

4𝐷
+ 𝑘) 𝑡} {

𝜕𝐾

𝜕𝑡
−
𝐾

𝑅
(
𝑈2

4𝐷
+ 𝑘)}. 

(14) 

 

Substituting the values from equation (12), (13) and (14) in equation (6) and 

simplifying the equation obtained is 

 

 
𝑅
𝜕𝐾

𝜕𝑡
= 𝐷

𝜕2𝐾

𝜕𝑧2
 . 

(15) 

As a result of the transformation used, given by equation (11), the initial 

condition and the boundary conditions given by equation (9) and (10a), (10b) 

respectively get transformed to 

 
𝐾(𝑧, 𝑡) = 𝐶𝑖𝑒𝑥𝑝 {−

𝑈𝑧

2𝐷
}   ;     𝑧 ≥ 0, 𝑡 = 0. 

 

(16) 

 

𝐾(𝑧, 𝑡) = {
𝐶0𝑒𝑥𝑝 {

1

𝑅
(
𝑈2

4𝐷
+ 𝑘) 𝑡} ;     0 < 𝑡 ≤ 𝑡0 

0   ;                𝑡 ≥ 0

 , 

 

 

(17a) 

 𝜕𝐾

𝜕𝑧
+
𝑈𝐾

2𝐷
= 0 ;  𝑧 → ∞, 𝑡 ≥ 0 

(17b) 

 

 

Applying the Laplace transform to equation (15), (17a) and (17b) the 

expression obtained is 
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 𝑑2𝐾

𝑑𝑧2
−
𝑅𝑠

𝐷
𝐾 = −

𝑅

𝐷
[𝐶𝑖𝑒𝑥𝑝 (−

𝑈𝑧

2𝐷
)]. 

 

(18) 

 
𝐾(𝑧, 𝑠) =

𝐶0

{𝑠 −
1
𝑅
(
𝑈2

4𝐷
+ 𝑘)}

[1

− 𝑒𝑥𝑝 {𝑠 −
1

𝑅
(
𝑈2

4𝐷
+ 𝑘)} 𝑡0]  ; 𝑧 = 0, 

 

(19a) 

 𝜕𝐾

𝜕𝑧
+
𝑈𝐾

2𝐷
= 0 ;  𝑧 → ∞. 

(19b) 

where 

 
𝐾 = ∫ K(z, t)exp (−𝑠𝑡)𝑑𝑡

∞

0

 
(20) 

s = parameter. 

On solving equation (18) the general solution of the differential equation is 

given as  

 

𝐾(𝑧, 𝑠) = 𝐶1 exp(√
𝑅𝑠

𝐷
𝑧)

+ 𝐶2 exp(−√
𝑅𝑠

𝐷
𝑧) + 𝐶𝑖 

𝑒𝑥𝑝 (−
𝑈𝑧
2𝐷
)

(𝑠 −
𝑈2

4𝑅𝐷
)
. 

(21) 

   

Where C1 and C2 are arbitrary constants whose values are to be determined 

using equations (19a) and (19b). 
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As a result, the values of these constants as obtained is 

 
𝐶1 = 0 ;  𝐶2 =

𝐶0

{𝑠 −
1
𝑅
(
𝑈2

4𝐷
+ 𝑘)}

[1 − 𝑒𝑥𝑝 {𝑠 −
1

𝑅
(
𝑈2

4𝐷
+ 𝑘)} 𝑡]

+ 𝐶𝑖 
𝑒𝑥𝑝 (−

𝑈𝑧
2𝐷
)

(𝑠 −
𝑈2

4𝑅𝐷
)

 

(22) 

Substituting the above obtained values of C1 and C2 in equation (21), the final 

expression obtained is  

 

 𝐾(𝑧, 𝑠)

=
𝐶0

{𝑠 −
1
𝑅
(
𝑈2

4𝐷
+ 𝑘)}

[1 − 𝑒𝑥𝑝 {𝑠 −
1

𝑅
(
𝑈2

4𝐷
+ 𝑘)}] 𝑡 exp(−√

𝑅𝑠

𝐷
𝑧)

− 𝐶𝑖 
𝑒𝑥𝑝 (−

𝑈𝑧
2𝐷
)

(𝑠 −
𝑈2

4𝑅𝐷
)
𝑒𝑥𝑝(−√

𝑅𝑠

𝐷
𝑧) + 𝐶𝑖 

𝑒𝑥𝑝 (−
𝑈𝑧
2𝐷
)

(𝑠 −
𝑈2

4𝑅𝐷
)
. 

(23) 

 

Taking inverse Laplace transformation to equation (23) and resubstituting for 

K (z, t), we get  

 𝐶(𝑧, 𝑡) = 𝐶0𝐹(𝑧, 𝑡) + 𝐶𝑖𝐹1(𝑧, 𝑡);    0 < 𝑡 ≤ 𝑡0, (24a) 

 

 𝐶(𝑧, 𝑡) = 𝐶0𝐹(𝑧, 𝑡) − 𝐶0𝐹(𝑧, 𝑡 − 𝑡0) + 𝐶𝑖𝐹1(𝑧, 𝑡);    𝑡 > 𝑡0, (24b) 

 

Where 

 

 𝐹(𝑧, 𝑡)

=
1

2
𝑒𝑥𝑝 [

(𝑈 − √𝑈2 + 4𝑘𝐷)𝑧

2𝐷
] 𝑒𝑟𝑓𝑐 [

(𝑅𝑧 − √𝑈2 + 4𝑘𝐷 𝑡)

2√𝑅𝐷𝑡
]

+
1

2
𝑒𝑥𝑝 [

(𝑈 + √𝑈2 + 4𝑘𝐷)𝑧

2𝐷
] 𝑒𝑟𝑓𝑐 [

(𝑅𝑧 + √𝑈2 + 4𝑘𝐷 𝑡)

2√𝑅𝐷𝑡
], 

(25a) 

 

and 
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𝐹1(𝑧, 𝑡) = exp (−

𝑘𝑡

𝑅
) [1 −

1

2
𝑒𝑟𝑓𝑐 {

𝑅𝑧 − 𝑈𝑡

√2𝐷𝑅𝑇
}

−
1

2
𝑒𝑥𝑝 (

𝑈𝑧

𝐷
) 𝑒𝑟𝑓𝑐 {

𝑅𝑧 + 𝑈𝑡

√2𝐷𝑅𝑇
}] 

(25b) 

   

   

4.4  RESULTS AND DISCUSSION 

In order to understand the concentration distribution of fluoride ion in soil 

the concentration values obtained from the analytical solution equation (24a) 

in the presence of initial fluoride concentration are discussed graphically for 

a chosen set of numerical values of the different variables.  

 

Taking initial concentration of fluoride as Ci =0.05 and C0 =1.0, where C0 is 

the concentration of the pulse type source, where source is present for time 

t0=5 hrs. The distances in longitudinal and transverse direction are taken to 

be 0 ≤ 𝑥 ≤ 5 and 0 ≤ 𝑦 ≤ 5, in meters respectively.  

In actual field like situations the dispersion or flow of fluoride in longitudinal 

direction will be faster than in transverse direction due to presence of 

gravitational force in the former direction. Taking this into account the lateral 

velocity and dispersion coefficients are considered one- tenth of that in 

longitudinal direction.  

The seepage velocity and the dispersion coefficients in longitudinal and 

transverse direction are as follows: 

u=0.75 m/day; v= 0.075 m/day; Dx =0.95 m2/day; Dy =0.95 m2/day; k= 

0.02/day. 

Figure 1 and 2 show the concentration profiles for t=4hrs and R=1.5 and 

t=2hrs and R=1.5. The initial value of fluoride concentration profile is 1 for 

both the cases except that it is lower for smaller time and higher for larger 

time.  
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Figure.1 Concentration profiles of fluoride for steady flow for t=4days(t<t0) 

and R=1.5 

Figure.2 Concentration profiles of fluoride for steady flow for t=2days(t<t0) 

and R=1.5 
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Figure .3 represents the concentration profile for t=4hrs and different value 

of retardation coefficient namely R =1.2 and on comparing with figure .1 it 

is observed that the concentration profile is lower for higher and higher for 

lower retardation factor. 

 

Figure.3 Concentration profiles of fluoride for steady flow for t=4days 

(t<t0) and R=1.2 

 

In figure .4 the fluoride concentration profile has been presented for a higher 

longitudinal and transverse dispersion coefficient namely Dx =1.65 m2/day 

and Dy =0.165 m2/day and on comparison with figure.1, it is observed that 

the concentration levels are lower for lower and higher for higher dispersion 

coefficient. 
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Figure.4 Concentration profiles of fluoride for steady flow for t=4days(t<t0) 

and R=1.5 for higher Dispersion coefficient 

 

 

 

Figure. 5,6,7 and 8 represent fluoride concentration profile for the time (t > 

t0) when the source has been removed and is no longer present at the 

boundary. The values of seepage velocity and dispersion coefficients in both 

longitudinal and transverse directions have been taken as stated earlier.  
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Figure.5 Concentration profiles of fluoride for steady flow for t=6 

days(t>t0) and R=1.5 

 

 

Figure.5 and 6 are drawn at different time t =6 days and t =12 days and show 

that near the source boundary the concentration levels initially increases up 

to certain distance and then it deceases slowly with space. 
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But for higher value of t the maxima of concentration profiles are lower than 

that for lower value of t.  

 

 

 

 

 

Figure.6 Concentration profiles of fluoride for steady flow for t=12 days 

(t>t0) and R=1.5 
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On comparing the figure.7 with figure .5, it is observed that for high value of 

retardation factor, the concentration values are lower and vice-versa.  

 

 

 

 

 

Figure.7 Concentration profiles of fluoride for steady flow for t=6 days 

(t>t0) and R=1.2 
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Similarly, on comparing figure.8 with figure.5, it appears that near the source 

boundary the fluoride concentration levels initially increases for both and 

after some distance travelled it deceases but decreasing levels of 

concentration are lower for lower dispersion coefficient. 

 

 

 

 

Figure.8 Concentration profiles of fluoride for steady flow for t=6 days (t 

>t0) and R=1.5 for higher Dispersion coefficients 
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4.5 CONCLUSION 

The present study presents a two-dimensional model for transport of fluoride 

ion in a homogeneous porous medium i.e. soil, in a steady state, considering 

both the longitudinal as well as transverse movement of the same. The 

equations so obtained have been solved analytically using Laplace transform 

technique. The numerical computation shows that the fluoride ion 

concentration decreases with respect to distance from origin along both 

longitudinal and transverse directions. There were often more influencing 

factors than initially anticipated, even in relatively simple systems. But on 

the whole, the transportation rules of fluorine ions are basically correct, 

which indicates that the established two-dimensional model can approximate 

the transportation rules of fluorine contaminants in homogeneous isotropic 

soils.  
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Modelling Assessment of Fluoride 

Transport with Transient Flow 

Conditions under the Influence of 

Chemical Moieties  
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5.1 INTRODUCTION 

The problem of high fluoride concentrations in groundwater and risk of 

fluorosis associated with use of such fluorinated water for human 

consumption is faced by a large section of the world population. Fluoride, 

which is an important micronutrient required for human and animal health, 

may be highly toxic particularly if present in high concentrations. Most of 

the inorganic fluoride present in soil are either complexed with Al or Fe or 

remain in soluble ionic form in soil water. Sodium Fluoride (NaF) is the most 

important inorganic fluoride salt present in soil due to its high solubility in 

water. 

 

The industries dealing with aluminium, steel, glass, and fertilizer are the main 

contributor to generation of fluoride wastes. When a great deal of fluoride 

pollutants is drained into the soil and the amount of pollutants exceeds the 

capacity of self-purification of the soil, pollutants will continue to leach 

downwards with water and pollute groundwater. Since Fluorine is reactive in 

nature, it infiltrates through the vadose zone [1] and reaches the water-table 

and continue to migrate in the direction of groundwater flow. Therefore, in 

order to avoid health risk, it is essential to understand the transport process 

of fluoride through the subsurface porous media. It is also crucial from the 

point of view of predicting and controlling the migration of fluoride in the 

soil-water system. 

 

In recent years much more, attention has been focused on chemical transport 

in and through the vadose zone [2,3]as a result of increased use of 

agrochemicals such as fertilizers and pesticides and increased demands to 

store and dispose of industrial and municipal wastes such as sewage. The 

vadose zone is usually the first subsurface environment to encounter surface 

applied agrochemicals and contaminants and hence all surface and 

subsurface chemical concentrations and subsequent environmental impacts 
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are inextricably linked to the physical, biological and chemical dynamics 

including sorption-desorption, volatilization, photolysis and degradation [4]. 

 

Richards’ equation [5] coupled with the Fickian-based convection-dispersion 

equation for solute transport forms the major basis of any understanding of 

the physical and chemical processes in the vadose zone. Analytical and 

numerical solutions of these classical equations are widely used to study and 

predict water flow and solute transport for specific laboratory and field 

experiments and to extrapolate these results for other experiments in different 

soils, crops and climatic conditions.  

Various mathematical models have been developed representing the 

transport of reactive contaminants through porous media over the years [6, 7, 

8]. Out of the numerous investigations conducted on the transport and 

persistence of contaminants in the soil system most of them have focussed 

more on the transport of parent material [9, 10, 11]. 

The transport of chemicals, in presence of chemical moieties present in soil 

environment and groundwater, in porous media undergoes various chemical 

changes through advection, diffusion and dispersion. In addition, it involves 

other mechanisms like rate-limited sorption and desorption, biodegradation, 

and chemical reaction. An analytical solution of the reactive transport 

equation in a finite soil column for both continuous and pulse-type solutes at 

the soil surface has been developed [12]. The solution of transport equation 

considered reversible and irreversible solute adsorptions. The irreversible 

adsorption was represented by the sink/source term. 

The present study models the solute transport process of fluoride ion using 

the soil water column experiment [13], wherein the soil column is loaded 

with Sodium Fluoride (NaF) and the presence of OH- ions is varied by 

diluting the extractant with Sodium Hydroxide (NaOH), Potassium 

Hydroxide (KOH) and Ammonium Hydroxide (NH4OH). The experimental 
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setup resembles the onsite conditions where presence of different salts in soil 

leads to change of pH of soil. 

 

5.2 EXPERIMENTAL BACKGROUND 

The experimental set up [13] is same as discussed in chapter 3. The leachate’s 

pore volume was determined using equation (1) [14]. 

 𝑃𝑣 =
𝑞𝑡

𝜃𝑉
 (1) 

where 

q =Volume of effluent collected per unit time i.e. flow rate cm3 h-1 

t =Time that has elapsed since the slug was introduced 

θ =Water filled porosity 𝑐𝑚3/𝑐𝑚3 

V =Total volume of soil column.  

 

In each experiment, a fixed volume of aqueous salt solution (slug) with 

desired anion concentration Sodium Fluoride (NaF) was added at the top of 

the soil column and was allowed to get adsorbed uniformly in the column for 

24 hrs, after which the column was continuously leached with de-ionized 

water with Sodium Hydroxide (NaOH), Potassium Hydroxide (KOH) and 

Ammonium Hydroxide (NH4OH) [13]. The flow rate of extractant measured 

was constant (2+0.5 ml/10 min). Till the soluble anions were completely 

removed, leaching was carried out. After which, the column soil was 

transferred into the beaker in a known volume of extractant and his salt 

solution was stirred for 2 hrs. The ion concentration was further determined 

in the filtrate of the soil suspension to ensure the complete removal of soluble 

ions from the soil in the column. The total leachable concentration was taken 

equal to the total leachable concentration present initially during leaching 

(i.e. concentration t=0). The concentration of ions was determined in leachate 

collected periodically at an interval of 2 min, during each kinetic run. 



 

106 
 

The undisturbed vertical soil column of the soil collected from Sambhar 

region of Rajasthan. [13] was loaded with Sodium Fluoride (NaF) and 

Sodium Hydroxide (NaOH), Potassium Hydroxide (KOH) and Ammonium 

Hydroxide (NH4OH) were diluted with deionized water. The increase in 

fluoride leaching with increase in OH- concentrations, as observed [13] is 

inevitable as the radii of Fluoride (F) and OH- ions are comparable and an 

exchange of OH-F takes place. The cation attached to OH- ion significantly 

affects fluoride, the maximum being with Ammonium Hydroxide (NH4OH) 

and minimum with Potassium Hydroxide (KOH). The maximum leaching 

has been observed when Ammonium Hydroxide (NH4OH) is added in 

percolating water because of H-F bonding with  𝑁𝐻4
+ can carry a greater 

number of F- ions (at least 4) with single 𝑁𝐻4
+ ion.  

 

5.3 THEORETICAL DEVELOPMENT AND GOVERNING 

EQUATIONS 

In the present study the degradation pathway of the fluoride ion can be 

represented in a manner similar to [15], as  

 [𝐶𝑖]   
𝛾1
→ [𝐶𝑖+1]  (2) 

 

↓ 𝛾2 

 Here, 𝛾1 is the first order degradation constant for fluoride ion and 𝛾2 is the 

rate constant for hydrolysis. 

In hydrolysis the chemical speciation of an organic contaminant gets 

changed. In this, as a result of the reaction of the fluoride salt with water, an 

exchange of some functional group from the salt with a hydroxyl (OH-) group 

takes place. The extent of fluoride ion contamination attenuation by both bio 

degradation and hydrolysis depends on the chemical properties of the 

contaminant as well as the aqueous medium. The transformation processes 

in present case is shown to be following a first-order kinetic reaction [13]. 
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The fluorides find their way into the soil subsurface predominantly by 

advection, that is by flow of groundwater, and by dispersion which is caused 

by mechanical mixing and molecular diffusion. Due to small seepage 

velocity molecular diffusion is neglected.  

As the Sodium Fluoride (NaF) is introduced in to the soil system in the form 

of pulse i.e. for a time t0 >t, the distance in downward direction i.e. 

longitudinal direction be represented by x [L]. In case of homogeneous 

porous formation, the dispersion coefficient, seepage velocity and rate 

constants for degradation and hydrolysis are functions of time only. 

Therefore, letting D= D0 f(t), u=u0f(t), 𝛾1 = 𝛾1𝑓(𝑡) and 𝛾2 = 𝛾2𝑓(𝑡)  ,the 

one-dimensional advection-diffusion equation is given as  

 

 
𝑅
𝜕𝐶

𝜕𝑡
= 𝐷0𝑓(𝑡)

𝜕2𝐶

𝜕𝑥2
− 𝑢0𝑓(𝑡)

𝜕𝐶

𝜕𝑥
− (𝛾1 + 𝛾2)𝑓(𝑡)𝐶. 

(3) 

 

Here C = C (x, t) = concentration of fluoride at any time t; D0 [LT-2] =Uniform 

constant dispersion coefficient along x direction; u0[LT-1] = uniform constant 

velocity along x direction; R= retardation factor(dimensionless); 𝛾1 = 

uniform constant degradation constant; 𝛾2 = uniform constant hydrolysis 

constant. 

The two forms of f(t) are considered here, f(t)=1-sinmt and f(t)=e-mt, where 

mt<1 and m[T-1]is flow resistance coefficient.  

The source of fluoride contamination is a uniform pulse-type point source 

that is, it is introduced into the porous medium continuously at a uniform rate 

up to a certain time period i.e. t0 (24 hrs.) and for t >. t0 it becomes zero. The 

soil column is having some inherent initial concentration of fluoride Ci. Flux 

type homogeneous conditions are assumed at far ends of the medium, along 

both the directions. So, writing initial and boundary conditions 

mathematically    
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 𝐶(𝑥, 𝑡) = 𝐶𝑖    ;     𝑥 ≥ 0 , 𝑡 = 0. (4) 

 

 
𝐶(𝑥, 𝑡) = {

𝐶0 ;     0 < 𝑡 ≤ 𝑡0 
0   ;                𝑡 ≥ 0

 , 
(5a) 

 

 

 𝜕𝐶

𝜕𝑥
= 0 ;   ; 𝑥 → ∞, 𝑡 ≥ 0. 

(5b) 

 

5.4 ANALYTICAL SOLUTION 

The problem of fluoride transport modelling in homogeneous porous medium 

can be solved using numerical, analytical, statistical, finite element method 

etc. It has been observed that the analytical approach is more significant to 

estimate the pattern of solute concentration and various transport parameters 

from field data [16,17]. Also, in the earlier chapter for one dimensional 

model, the analytical solution shows more comparison with observed 

experimental values.  

A new time variable is introduced by the transformation [18] 

 𝑇 = ∫ 𝑓(𝑡)𝑑𝑡
𝑡

0
, (6) 

 𝜕𝑇

𝜕𝑡
= 𝑓(𝑡) 

(6a) 

Therefore, 

 𝜕𝐶

𝜕𝑡
=
𝜕𝐶

𝜕𝑇

𝜕𝑇

𝜕𝑡
= 𝑓(𝑡)

𝜕𝐶

𝜕𝑇
 

(7) 

 

On substitution from equation (7) to equation (3), the obtained equation on 

simplification gives 

 
𝑅
𝜕𝐶

𝜕𝑇
= 𝐷0

𝜕2𝐶

𝜕𝑥2
− 𝑢0

𝜕𝐶

𝜕𝑥
− (𝛾1 + 𝛾2)𝐶. 

(8) 
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Now onwards and in succeeding equations writing (𝛾1 + 𝛾2) = 𝛾 and 

rewriting equation (8) after rearranging terms, 

 𝜕𝐶

𝜕𝑇
=
𝐷0
𝑅

𝜕2𝐶

𝜕𝑥2
−
𝑢0
𝑅

𝜕𝐶

𝜕𝑥
−
𝛾

𝑅
𝐶. 

(9) 

 

Now introducing the transformation  

 
𝐶(𝑥, 𝑇) = 𝐾(𝑥, 𝑇)𝑒𝑥𝑝 [

𝑢0𝑥

2𝐷0
−
1

𝑅
(
𝑢0

2

4𝐷0
+ 𝛾)𝑇]. 

(10) 

 

The terms 
𝜕𝐶

𝜕𝑇 
,
𝜕𝐶

𝜕𝑧
 𝑎𝑛𝑑 

𝜕2𝐶

𝜕𝑥2
   found from equation (10) to be used in equation 

(9) are as follows: 

 𝜕𝐶

𝜕𝑇
= 𝑒𝑥𝑝 {

𝑢0𝑥

2𝐷0
−
1

𝑅
(
𝑢0

2

4𝐷0
+ 𝛾)𝑇} {

𝜕𝐾

𝜕𝑡
−
𝐾

𝑅
(
𝑢0

2

4𝐷0
+ 𝛾)}, 

 

(11) 

 𝜕𝐶

𝜕𝑥
= 𝑒𝑥𝑝 {

𝑢0𝑥

2𝐷0
−
1

𝑅
(
𝑢0

2

4𝐷0
+ 𝛾)𝑇} {

𝜕𝐾

𝜕𝑥
+
𝑢0𝐾

2𝐷0
}, 

 

(12) 

 𝜕2𝐶

𝜕𝑥2
= 𝑒𝑥𝑝 {

𝑢0𝑥

2𝐷0
−
1

𝑅
(
𝑢0

2

4𝐷0
+ 𝛾)𝑇} {

𝜕𝐾

𝜕𝑡
−
𝐾

𝑅
(
𝑢0

2

4𝐷0
+ 𝛾)}. 

(13) 

 

Substituting the values from equation (11), (12) and (13) in equation (9) and 

simplifying the equation obtained is 

 

 
𝑅
𝜕𝐾

𝜕𝑇
= 𝐷0

𝜕2𝐾

𝜕𝑥2
 . 

(14) 

 

As a result of the transformation used, given by equation (10), the initial 

condition and the boundary conditions given by equation (4) and (5a), (5b) 

respectively get transformed to 
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𝐾(𝑥, 𝑇) = 𝐶𝑖𝑒𝑥𝑝 {−

𝑢0𝑥

2𝐷0
}   ;     𝑥 ≥ 0, 𝑇 = 0. 

 

(15) 

 

𝐾(𝑥, 𝑇) = {
𝐶0𝑒𝑥𝑝 {

1

𝑅
(
𝑢0

2

4𝐷0
+ 𝛾)𝑇} ;     0 < 𝑇 ≤ 𝑇0 

0   ;                𝑇 ≥ 0

, 𝑥 = 0  

 

 

(16a) 

 𝜕𝐾

𝜕𝑥
+
𝑢0𝐾

2𝐷0
= 0 ;  𝑥 → ∞, 𝑇 ≥ 0 

(16b) 

 

Applying the Laplace transform to equation (14), the expression obtained is 

 

 

 

 

𝑅

𝐷0
[𝑠𝐾(𝑥, 𝑠) − 𝐾(𝑥, 0)] =

𝑑2𝐾

𝑑𝑥2
. 

 

(17) 

From equation (15) putting value of K (x, t) at t=0 in equation (17), the 

expression obtained is 

 

 𝑑2𝐾̅

𝑑𝑥2
−
𝑅𝑠

𝐷0
𝐾 = −

𝑅

𝐷0
[𝐶𝑖𝑒𝑥𝑝 (−

𝑢0𝑥

2𝐷0
)]. 

(18) 

The complete general solution of equation (18) is obtained by sum of 

complementary function (C.F) and particular integral (P.I) as follows 

 

 𝐶. 𝐹 = 𝐶1 exp(𝑛1𝑥) + 𝐶
2 exp(−𝑛2𝑥) (19) 

 

Where 𝐶1 and 𝐶2 are arbitrary constants to be found using initial and 

boundary conditions and 𝑛1 and 𝑛2 are the roots of the auxiliary equation 

𝐷′2 −
𝑅𝑠

𝐷0
= 0 that is 

       𝑛1 = √
𝑅𝑠

𝐷0
 𝑎𝑛𝑑 𝑛2 = −√

𝑅𝑠

𝐷0
 . 

And particular integral is  
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𝑃. 𝐼 =
[𝐶𝑖𝑒𝑥𝑝 (−

𝑢0𝑥
2𝐷0

)]

[𝑠 −
𝑢0
2

4𝑅𝐷0
]

 

(20) 

 

So, the complete general solution of equation (18) is given as 

 

𝐾(𝑥, 𝑠) = 𝐶1 exp(√
𝑅𝑠

𝐷0
𝑥)

+ 𝐶2exp(−√
𝑅𝑠

𝐷0
𝑥) + 𝐶𝑖 

𝑒𝑥𝑝 (−
𝑢0𝑥
2𝐷0

)

(𝑠 −
𝑢02

4𝑅𝐷0
)
. 

(21) 

 

In order to find 𝐶1 and 𝐶2 ,finding Laplace transform of 16(a) using the 

Laplace transform definition    𝐾̅(𝑥, 𝑠) = ∫ K(x, T)exp (−𝑠𝑇)𝑑𝑇
∞

0
, where s= 

parameter, we have  

 

 
𝐾(𝑥, 𝑠) = ∫ 𝐶0𝑒𝑥𝑝 {

1

𝑅
(
𝑢0

2

4𝐷0
+ 𝛾)𝑇} exp (−𝑠𝑇)𝑑𝑇

𝑡0

0

 
(22) 

 
𝐾(0, 𝑠) =

𝐶0

[𝑠 −
1
𝑅
(
𝑢02

4𝐷0
+ 𝛾)]

[1

− 𝑒𝑥𝑝 {−(𝑠 − {
1

𝑅
(
𝑢0

2

4𝐷0
+ 𝛾)𝑇0})}] 

(23) 

 

And Laplace transform of 16(b) is given as 

 

 𝑑𝐾

𝑑𝑥
+
𝑢0𝐾

2𝐷0
= 0 ;  𝑥 → ∞, 𝑠 ≥ 0 

(24) 

 

From equation (21)  
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𝑑𝐾

𝑑𝑥
= 𝐶1√

𝑅𝑠

𝐷0
exp(√

𝑅𝑠

𝐷0
𝑥)

− 𝐶2√
𝑅𝑠

𝐷0
exp(−√

𝑅𝑠

𝐷0
𝑥) −

𝑢0
2𝐷0

𝐶𝑖 

𝑒𝑥𝑝 (−
𝑢0𝑥
2𝐷0

)

(𝑠 −
𝑢02

4𝑅𝐷0
)

 

(25) 

 

 

Substituting above value of 
𝑑𝐾̅

𝑑𝑥
 in equation (24),  

 
𝑑𝐾

𝑑𝑥
+
𝑢0𝐾

2𝐷0
= 𝐶1√

𝑅𝑠

𝐷0
exp(√

𝑅𝑠

𝐷0
𝑥)

− 𝐶2√
𝑅𝑠

𝐷0
exp(−√

𝑅𝑠

𝐷0
𝑥) −

𝑢0
2𝐷0

𝐶𝑖 

𝑒𝑥𝑝 (−
𝑢0𝑥
2𝐷0

)

(𝑠 −
𝑢02

4𝑅𝐷0
)

+
𝑢0𝐾

2𝐷0
= 0; 

 

As 𝑥 → ∞ 

(26) 

 

 

 

So, for above equation to be valid 𝐶1 = 0. As a result equation (21) takes the 

form 

 

𝐾(𝑥, 𝑠) = 𝐶2exp(−√
𝑅𝑠

𝐷0
𝑥) + 𝐶𝑖 

𝑒𝑥𝑝 (−
𝑢0𝑥
2𝐷0

)

(𝑠 −
𝑢0

2

4𝑅𝐷0
)
. 

(27) 

 

Now, using condition (23) in equation (27) to find 𝐶2 
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𝐾(0, 𝑠) = 𝐶2+𝐶𝑖 

1

(𝑠 −
𝑢0

2

4𝑅𝐷0
)

=
𝐶0

[𝑠 −
1
𝑅
(
𝑢02

4𝐷0
+ 𝛾)]

[1

− 𝑒𝑥𝑝 {−(𝑠 − {
1

𝑅
(
𝑢0

2

4𝐷0
+ 𝛾)𝑇0})}] 

(28) 

 

As a result,  

 
𝐶2 =

𝐶0

[𝑠 −
1
𝑅
(
𝑢02

4𝐷0
+ 𝛾)]

[1 − 𝑒𝑥𝑝 {−(𝑠 − {
1

𝑅
(
𝑢0

2

4𝐷0
+ 𝛾)𝑇0})}]

− 𝐶𝑖 
1

(𝑠 −
𝑢02

4𝑅𝐷0
)
 

(29) 

 

So complete solution for equation (18) is, 

𝐾(𝑥, 𝑠)

=
𝐶0

[𝑠 −
1
𝑅
(
𝑢02

4𝐷0
+ 𝛾)]

[1 − 𝑒𝑥𝑝 {−(𝑠 − {
1

𝑅
(
𝑢0

2

4𝐷0
+ 𝛾)𝑇0})}] exp(−√

𝑅𝑠

𝐷0
𝑥)

− 𝐶𝑖 
1

(𝑠 −
𝑢0

2

4𝑅𝐷0
)
exp(−√

𝑅𝑠

𝐷0
𝑥) + 𝐶𝑖 

𝑒𝑥𝑝 (−
𝑢0𝑥
2𝐷0

)

(𝑠 −
𝑢0

2

4𝑅𝐷0
)
                                (30) 

 

 

Taking inverse Laplace transformation to equation (30) [19,20] and 

resubstituting for K (x, T), we get  

 

 𝐶(𝑥, 𝑇) = 𝐶0𝐹(𝑥, 𝑇) + 𝐶𝑖𝐹1(𝑥, 𝑇);    0 < 𝑇 ≤ 𝑇0, (31a) 

 

 𝐶(𝑥, 𝑇) = 𝐶0𝐹(𝑥, 𝑇) − 𝐶0𝐹(𝑥, 𝑇 − 𝑇0) + 𝐶𝑖𝐹1(𝑥, 𝑇);    𝑇 > 𝑇0, (31b) 

 

Where 
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𝐹(𝑥, 𝑇)

=
1

2
𝑒𝑥𝑝 [

(𝑢0 − √𝑢0
2 + 4𝛾𝐷0)𝑥

2𝐷0
] 𝑒𝑟𝑓𝑐 [

(𝑅𝑥 − √𝑢0
2 + 4𝛾𝐷0 𝑇)

2√𝑅𝐷0𝑇
] 

 

+
1

2
𝑒𝑥𝑝 [

(𝑢0 + √𝑢0
2 + 4𝛾𝐷0)𝑥

2𝐷0
] 𝑒𝑟𝑓𝑐 [

(𝑅𝑥 + √𝑢0
2 + 4𝛾𝐷0 𝑇)

2√𝑅𝐷0𝑇
], 

(32a) 

 

And 

 

 
𝐹1(𝑥, 𝑇) = exp (−

𝛾𝑇

𝑅
) [1 −

1

2
𝑒𝑟𝑓𝑐 {

𝑅𝑥 − 𝑢0𝑇

√2𝐷0𝑅𝑇
}

−
1

2
𝑒𝑥𝑝 (

𝑢0𝑥

𝐷0
) 𝑒𝑟𝑓𝑐 {

𝑅𝑥 + 𝑢0𝑇

√2𝐷0𝑅𝑇
}] 

(32b) 

 

The procedure used to invert the Laplace transform [21]is to evaluate the 

closed contour and used the residue theorem. Branch point must be excluded 

from inside the contour and the original solution 𝐶(𝑥, 𝑇) can be obtained by 

finding the solution to 

 

 
𝐶(𝑥, 𝑇) =

1

2𝜋𝑖
∫ 𝐾(𝑥, 𝑠) exp(𝑠𝑇) 𝑑𝑇
𝜏−𝑖∞

𝜏+𝑖∞

 
(33) 

   

 
𝐶(𝑥, 𝑇) =∑𝑅𝑒𝑠(𝑖)

𝑖

+
1

2𝜋𝑖
∮𝐾(𝑥, 𝑠) exp(𝑠𝑇) 𝑑𝑇 

(34) 

 

where Res (i) are the residues at the poles of 𝐾(𝑥, 𝑠) which lie to the left of 

the line 𝜏 and outside of the contour Ω. 

Poles of the expressions are 𝑠 =
1

𝑅
(
𝑢0

2

4𝐷0
+ 𝛾) ; 𝑠 =

𝑢0
2

4𝑅𝐷0
 and residue at them is 

obtained  
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𝑅𝑒𝑠 𝑎𝑡 (𝑠 =

1

𝑅
(
𝑢0

2

4𝐷0
+ 𝛾))

= lim
𝑠→

1
𝑅
(
𝑢0

2

4𝐷0
+𝛾)

(𝑠 −
1

𝑅
(
𝑢0

2

4𝐷0
+ 𝛾))𝑓(𝑠)exp (𝑠𝑇) 

 

(35) 

 
𝑅𝑒𝑠 𝑎𝑡 (𝑠 =

𝑢0
2

4𝑅𝐷0
) = lim

𝑠→
𝑢0

2

4𝑅𝐷0

(𝑠 −
𝑢0

2

4𝑅𝐷0
)𝑓(𝑠)exp (𝑠𝑇) 

(36) 

 

On summing up the residues the resultant solution for 𝐶(𝑥, 𝑇) so obtained is 

given by equation (31a) and (31b). 

 

5.5 RESULTS AND DISCUSSION 

This section shows the results obtained numerically in the form of initial 

leaching rate profile for [𝐹−] ion leaching for added salt Sodium fluoride 

(NaF) in presence of OH- ions, which is varied by diluting the extractant with 

Sodium Hydroxide (NaOH), Potassium Hydroxide (KOH) and Ammonium 

Hydroxide (NH4OH).  

The specified values of parameters are taken as [13] pH=10.5; 

R=Retardation factor =15; x=L=column length=60cm; 𝑃𝑒 = 2 k1 

=0.00414/sec; 𝑘1
′= 0.001/sec NH4OH; 𝑘1

′= 0.0005/sec for NaOH and 𝑘1
′= 

0.00025/sec for KOH as per the observed experimental results; flow rate of 

extractant =2.5ml/10min and m=0.1/sec. 

The leaching profiles in Figure.1,2 and 3 represent the plotted graph between 

time and the [𝐹− ]𝑙 that is leachable fluoride remaining at time t in the soil 

column in presence of different extractant with Sodium Hydroxide (NaOH), 

Potassium Hydroxide (KOH) and Ammonium Hydroxide (NH4OH) 

respectively for the values of [𝐹− ]𝑎𝑑=166mg/kg .In the laboratory 

experiment by Saxena and Rani (2012) the fluoride source is supplied for 

predefined time 𝑡0(24 hrs) that is it has a finite pulse source and the flow rate 

and dispersion are constant therefore m=0 .The leaching profiles in Figure 
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4,5 and 6 represent the plotted graph between time and the [𝐹− ]𝑙 that is 

leachable fluoride remaining at time t in the soil column for  m=0.1/sec 

considering f(t)=e-mt  and f(t)=1-sinmt.  

 

  

 

Fig.1 Leachable Fluoride ion concentration vs time when 

 [𝐹− ]𝑎𝑑 =166 mg/kg and extractant is NH4OH. 

0

50

100

150

200

250

300

350

400

450

0 120 240 360 480 600

L
ea

ch
ab

le
 F

lu
o

ri
d

e 
io

n
 C

o
n

ce
n

tr
at

io
n

in
 m

g
/k

g

Time in sec

m=0

Observed Analytical



 

117 
 

  

 

Fig.2 Leachable Fluoride ion concentration vs time when 

 [𝐹− ]𝑎𝑑 =166 mg/kg   and extractant is NaOH. 

 

From the figures 1,2 and 3 it is clear that increased fluoride leaching takes 

place with increase in OH- concentrations as the radii of F- and OH- ions are 

comparable and an exchange of F- and OH- ions is inevitable. The cation 

attached to OH- ion which affected F- leaching significantly, the maximum 

being with Ammonium Hydroxide (NH4OH) and minimum with Potassium 

Hydroxide (KOH). Ammonium 𝑁𝐻4
+ions which can carry at least 4 F- ion 

through H-F bond [22] result in highest leaching as a result the leachable 

fluoride concentration is more in the order of KOH>NaOH>NH4OH. 
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Fig.3 Leachable Fluoride ion concentration vs time when 

 [𝐹− ]𝑎𝑑 =166 mg/kg and extractant is KOH. 

 

The maximum leaching occurs on adding NH4OH and minimum with KOH. 

The analytical solutions offer good comparison with the observed results for 

soil column experiment [13].  

 

The soil column experiment is based on steady state assuming the flow 

velocity to be constant throughout the experiment. Figures 4, 5 and 6 show 

the analytical results under transient flow conditions, by taking f(t)=e-mt and 

f(t)=1-sinmt. 
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Fig.4 Leachable Fluoride ion concentration vs time when 

 [𝐹− ]𝑎𝑑 =166 mg/kg and extractant is NH4OH. 

 

  

Fig.5 Leachable Fluoride ion concentration vs time when 

 [𝐹− ]𝑎𝑑 =166 mg/kg and extractant is NaOH. 

0

50

100

150

200

250

300

350

400

450

0 120 240 360 480 600

L
ea

ch
ab

le
 F

lu
o

ri
d

e 
io

n
 C

o
n

ce
n

tr
at

io
n

in
 m

g
/k

g

Time in sec

m=0.1/sec

f(mt)=exp(-mt) f(mt)=1-sinmt

0

50

100

150

200

250

300

350

0 120 240 360 480 600

L
ea

ch
ab

le
 F

lu
o
ri

d
e 

io
n
 C

o
n
ce

n
tr

at
io

n

in
 m

g
/k

g

Time in sec

m=0.1/sec

f(mt)=exp(-mt) f(mt)=1-sinmt



 

120 
 

 

  

Fig.6 Leachable Fluoride ion concentration vs time when 

 [𝐹− ]𝑎𝑑 =166 mg/kg and extractant is KOH. 

 

The above plots in figure 4,5 and 6 show that under transient flow conditions, 

for the exponential form of velocity, the leachable fluoride ion concentration 

decreases faster than in the sinusoidal form of velocity. The concentration 

levels for sinusoidal form of velocity are higher than that of exponential form 

of velocity. 

 

5.6 CONCLUSION 

The present study presents an analytical solution to solve the one-

dimensional advection–dispersion equation for describing the behaviour and 

transport of fluoride ion in a homogeneous porous media in presence of 

different chemical moieties present in soil environment and groundwater. 

The different extractants, whose impact on fluoride transport in soil was 
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studied analytically were Sodium Hydroxide (NaOH), Potassium Hydroxide 

(KOH) and Ammonium Hydroxide (NH4OH). In the derived solution, along 

with steady state conditions as used in soil column experiment in laboratory 

[13], the velocity has been assumed to be both exponentially deceasing 

function of time as well as sinusoidal. The analytical results obtained for 

uniform constant flow velocity show a good comparison with experimentally 

observed values of fluoride ion concertation. The governing solute transport 

equation is solved analytically by employing Laplace Transformation 

Technique (LTT). The derived solution is an effective and useful one for 

further application to field studies, where the hydrological properties of the 

medium and prevailing boundary and initial conditions are the same as, or 

can be approximated by, the ones considered in this study. 
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6.1 INTRODUCTION  

It is not an overstatement that most physical phenomena are modelled and 

described by partial differential equations and most of these phenomena are 

non-linear by nature. The fluid -flow in soil is modelled with the help of 

partial differential equations and non-linearity is a recurrent problem in 

modelling soil science problems. The equations governing fluid flow in soil 

involves nonlinear partial differential equations. A numerical Laplace 

decomposition algorithm to solve a class of nonlinear differential equations 

was proposed [1] and this method was applied this method for the solution 

of Duffing equation [2]. This method was used to solve Falkner-Skan 

equation [3]. The efficacy of Laplace Transform to solve the nonlinear 

differential equations by utilizing the decomposition technique is being 

outlined by numerical system. 

 

It has been observed that application of a combination of Laplace transform 

method and Adomian decomposition method namely Laplace Adomian 

decomposition method (LADM) to solve a certain class of problems is very 

useful. The equivalence of the Adomian decomposition method for a system 

of linear Volterra integral equations and the successive approximations 

method, so called Picard’s method, have also been studied [4]. The Laplace 

Adomian decomposition method has been used to solve a system of ordinary 

differential equations [5]. The method has been applied to solve non-linear 

Volterra integro-differential equations [6] and a system of ordinary 

differential equations [7]. Local fractional Laplace decomposition method 

has been discussed for numerical solutions of telegraph and Laplace 

equations on cantor sets [8]. Adomian Decomposition method has been used 

for solution of fuzzy heat equations also [9]. 
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In the present paper, the effect of an external pressure / force in the form of 

gravitational force on flow through a porous medium has been studied by 

assuming the flow to be Newtonian. The flow of a viscous fluid through a 

porous medium bounded by a vertical surface [10] and application of 

Brinkman model in viscous incompressible flow through a porous channel 

has been studied [11]. The present study is carried out by employing Laplace 

Adomian Decomposition Method [12, 13 ,14] and some important 

predictions can be made on the basis of the present study. The rapidly 

converging analytical approximate solution of nonlinear ordinary or partial 

differential equation is given by decomposition method [13,14]. The choice 

of operator determines the speed of convergence. The operator may be a 

highest-ordered differential operator or a combination of linear operators or 

a multidimensional operator. To handle the nonlinear terms, the method does 

not take the help of any simplification. The use of decomposition parameter 

is made only to group the terms. Thus, the non-linearities can be handled 

easily in the operator equation and accurate approximate solution may be 

obtained for any physical problem. The study has been carried out for the 

flow in soil subject to external forces like gravity. 

 

6.2 MATHEMATICAL MODELING OF THE PROBLEM 

Nomenclature: (x, y) : Cartesian coordinates of a point, (u, v): Velocity 

components along x- and y- directions, U0: Characteristic velocity, F0: 

Applied external force, k: Permeability of porous matrix, h: Half-width of 

channel, η: Non-dimensional distance, μ: Coefficient of viscosity, ν: 

Kinematic viscosity of solute, ρ: Density of solute, Re: Reynolds number. 

A transport system mainly consists of three-dimensional (3D) vessels. 

However, in some cases, such as in micro-vessels of soil it can be 

approximated to a two-dimensional (2D) and can be considered as a channel 

flow. A physical sketch of the geometry is shown in Figure 1. The x-axis is 
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taken along the centre line of the channel, parallel to the channel surface and 

y-axis in the transverse direction. The flow is taken to be symmetric about x-

axis [15]. 

 

 

 

 

 

 

 

 

Figure 1: Physical Sketch of the Problem 

However, the solutions of multidimensional transient flow of any solute can 

be obtained by numerical modelling, their applications are limited in the 

field. From a hydrological perspective, the solute movement in soil and its 

spatial distribution can largely be controlled by the water fluxes of the 

groundwater. For an improved understanding of the magnitude of these 

fluxes, accurate estimates of the temporal and spatial water uptake patterns 

are needed.  

    

Let u  and v  be the velocity components along x- axis and y-axis 

respectively and F0 be the applied external pressure. The equation for 

boundary layer flow of an incompressible fluid in the absence of pressure 

gradient, 

 
𝑢
𝜕𝑢

𝜕𝑥
+ 𝜈

𝜕𝑢

𝜕𝑦
= 𝜐

𝜕2𝑢

𝜕𝑦2
−
𝜐

𝑘
𝑢 −

𝐹0
2𝑢

𝜌
 , (1) 

and the continuity equation is  
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𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (2) 

where, 𝜌 is the density of solute, 𝜐 is the kinetic coefficient of viscosity and 

k denotes the permeability of the porous medium. Assuming that the flow is 

symmetric about the central line 0y =  of the channel, we focus our attention 

to the flow in the region 0 y h  only. Then the boundary conditions to be 

taken care of are as follows: 

 𝑢 = 𝜈 = 0        𝑎𝑡   𝑦 = ℎ, (3) 

 and  

 𝜕𝑢

𝜕𝑦
= 0, 𝜈 = 0     𝑎𝑡  𝑦 = 0. (4) 

   

We now introduce the non-dimensional quantities defined by 

  
𝜁 =

𝑥

ℎ
  , 𝜂 =

𝑦

ℎ
  , 𝑢 =

𝑈0
ℎ
𝑓′(𝜂), 𝜈 = −𝑈0 𝑓(𝜂), (5) 

 

where U0 is the characteristic velocity. 

It may be noted that the continuity equation (2) is automatically satisfied. 

In terms of the non-dimensional variables, Equation (1) reads 

  𝑓′′′ + 𝑅𝑒(𝑓𝑓
′′ − 𝑓′2) − 𝑓′𝐻 = 0. 

 
(6) 

Where Re and K are the Reynolds number and porosity permeability 

parameter respectively, defined by 

  
𝑅𝑒 =

𝑈0ℎ

𝜈
, 𝐾 =

𝑘

ℎ2
  , 𝐻 = [𝐹0

2 +
1

𝐾
]. 

 

(7) 

With the use of transformation (5), the boundary conditions (3) and (4) 

become 

  𝑓′ = 𝑓 = 0    𝑎𝑡  𝜂 = 1, (8) 

 and             
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  𝑓 = 𝑓′′ = 0   𝑎𝑡  𝜂 = 0. (9) 

 

The equation (6) reduces to 

𝑓′′′ − 𝑓′𝐻 = 0, 

when Reynolds number Re is zero and have solution of the form 

𝑓 = 𝐶1 + 𝐶2𝑒
𝑎𝜂 + 𝐶3𝑒

−𝑎𝜂 , 

where     𝑎 = √𝐻. 

At  𝜂 = 0 , 𝑓 = 0 , 𝑓′′ = 0 , gives  𝐶1 + 𝐶2 + 𝐶3= 0 and  𝑎2𝐶2 + 𝑎
2𝐶3 = 0. 

implying 

𝑓 = 2𝐶2𝑠𝑖𝑛ℎ𝑎𝜂,  

 and      𝑓′ = 2𝑎𝐶2𝑐𝑜𝑠ℎ𝑎𝜂.  

If  𝜂 = 0 and 𝑓′(0) = 𝑏 

  
𝑓 =

𝑏

𝑎
𝑠𝑖𝑛ℎ𝑎𝜂. (10) 

6.3 ANALYSIS OF THE MODEL 

In this section the model is analysed by solving equation (6) subject to the 

boundary conditions (8) and (9). For this purpose, the Laplace Adomian 

Decomposition Method (LADM) [16,17] is used. Taking the Laplace 

transformation of equation (6), we get 

   𝐿[𝑓′′′] + 𝑅𝑒𝐿[𝑓𝑓
′′ − 𝑓′2] + 𝐻𝐿[𝑓′] = 0, (11) 

 

Here and in the sequel, L[F] stands for the Laplace transform of the function 

F. 

Using the property of the Laplace transform, we have 
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  𝑠3𝐿[𝑓] − 𝑠2𝑓(0) − 𝑠𝑓′(0) + 𝑅𝑒𝐿[𝑓𝑓
′ − 𝑓′2]

− 𝐻[𝑠𝐿[𝑓] − 𝑓(0)] = 0 
(12) 

Using the boundary condition (9), in equation (12) we obtain  

  𝑠(𝑠2 − 𝐻)𝐿[𝑓] = −𝑅𝑒𝐿[𝑓𝑓
′′ − 𝑓′2] + 𝑠𝑓′(0), (13) 

Writing  𝑓′(0) = 𝑏  (where b is a constant), equation (13) takes the form 

  

  
𝐿[𝑓] =

𝑏

𝑠2 − 𝐻
−

𝑅𝑒
𝑠(𝑠2 − 𝐻)

𝐿[𝑓𝑓′′ − 𝑓′2]. (14) 

 

Following Adomian Decomposition Method, we assume the solution for f in 

the form of an infinite series: 

  
𝑓 = ∑𝑓𝑛

∞

𝑛=0

, (15) 

To write it in the form   

  
𝜙(𝜂) = 𝑓𝑓′′ − 𝑓′2   ;   𝜙(𝜂) = ∑𝐴𝑛

∞

𝑛=0

, (16) 

where 𝐴𝑛 = 𝐴𝑛(𝑓0, 𝑓1,…..,𝑓𝑛), are the so-called Adomian polynomials [12]. To 

find An, we introduce a scalar 𝜆 such that 

  

  
𝑓(𝜆) = ∑𝜆𝑛𝑓𝑛

∞

𝑛=0

, (17) 

 

The parameter 𝜆 ,used in (17) is used only for grouping the terms of different 

orders and not a perturbation parameter. Thus, the parameterized form of (16) 

is given by  

 

  
𝜙(𝜆) = ∑𝜆𝑛 (∑𝑓𝑖𝑓𝑛−𝑖

′′

∞

𝑖=0

−∑𝑓𝑖
′𝑓𝑛−𝑖
′

∞

𝑖=0

)

∞

𝑛=0

. (18) 
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From the definition of Adomian polynomials, it follows that   

  
𝐴𝑛 =

1

𝑛!

𝑑𝑛

𝑑𝜆𝑛
(𝜙(𝜆))𝜆=0. (19) 

Now substituting (18) into (19), we get 

𝐴0 = 𝑓0
′𝑓0 − 𝑓0

′2, 

𝐴1 = 𝑓0𝑓1
′′ + 𝑓1𝑓0

′′ − 2𝑓0
′𝑓1
′, 

𝐴2 = 𝑓0
′′𝑓2 + 𝑓1

′′𝑓1 + 2𝑓0
′𝑓2
′′ − 𝑓1

′2, 

 𝐴3 = 𝑓0
′′𝑓3 + 𝑓1

′′𝑓2 + 𝑓2
′′𝑓1 − 𝑓3

′𝑓0 − 2𝑓0
′𝑓3
′ − 2𝑓1

′𝑓2
′ , (20) 

and so on. Substitution of equations (15) and (16) into the equation (14), 

further yields 

 
𝐿 [∑𝑓𝑛

∞

𝑛=0

] =
𝑏

𝑠2 − 𝐻
−

𝑅𝑒
𝑠(𝑠2 − 𝐻)

𝐿 [∑𝐴𝑛

∞

𝑛=0

] . 

 

(21) 

Matching both sides of equation (21) yields the iterative algorithm: 

   

 
𝐿[𝑓0] =

𝑏

𝑠2 − 𝐻
   , 

(22) 

 
𝐿[𝑓1] = −

𝑅𝑒
𝑠(𝑠2 − 𝐻)

𝐿[𝐴0], 
(23) 

 
𝐿[𝑓2] =

𝑅𝑒
𝑠(𝑠2 − 𝐻)

𝐿[𝐴1], 
(24) 

 𝐿[𝑓3] =
𝑅𝑒

𝑠(𝑠2−𝐻)
𝐿[𝐴2],  

 

(25) 

and so on. Now considering the inverse Laplace transform of equation (22) 

the following value of f0 is obtained for  𝑎 = √𝐻  :  

 

 
𝑓0 =

𝑏

𝑎
sinh(𝑎𝜂) . 

 

(26) 

The first Adomian polynomial A0 calculated from eqns. (20) and (26) is found 

in the form  
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 𝐴0 = −𝑏2. 

 

(27) 

Since 𝐿[𝐴0] = [−𝑏2] = −
𝑏2

𝑠
;  by applying Laplace inversion, we obtain  

 

 
𝑓1 =

𝑏2𝑅𝑒
𝑎2

(
1

𝑎
sinh(𝑎𝜂) − 𝜂). 

(28) 

 

Proceeding in a similar manner, using (20) and (28), we calculate the second 

Adomian polynomial A1 given by 

 

 
𝐴1 = −

2𝑏2𝑅𝑒
𝑎2

−
𝑏3𝑅𝑒
𝑎

𝜂 sinh(𝑎𝜂) +
2𝑏3𝑅𝑒
𝑎2

cosh(𝑎𝜂). 
(29) 

 

Next, we find the Laplace transformation of A1 given by (29), substitute it in 

(24) and then consider Laplace inversion. Thus, we have found the 

expression of  f2  given below. 

 

 
𝑓2 =

2𝑏3𝑅𝑒
𝑎2

[
1

𝑎2
(
1

𝑎
sinh(𝑎𝜂) − 𝜂 −

1

2𝑎2
(𝜂 cosh(𝑎𝜂)

−
sinh(𝑎𝜂)

𝑎
+
1

8
(𝜂2 sinh(𝑎𝜂) −

3

𝑎
(𝜂 cosh(𝑎𝜂)

−
sinh(𝑎𝜂)

𝜂
))] , 

(30) 

 

If we consider three-term approximation of the solution  

 𝑓 = 𝑓0 − 𝑓1 − 𝑓2, (31) 

By taking  𝜆 = 1 ; the calculated expression for f  reads 
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𝑓(𝜂) =

𝑏

𝑎
sinh(𝑎𝜂) +

𝑏2𝑅𝑒
𝑎2

(
sinh(𝑎𝜂)

𝑎
− 𝜂)

+
2𝑏3𝑅𝑒

2

𝑎2
(
1

𝑎2
(
3

2𝑎
sinh(𝑎𝜂) − 𝜂 −

1

2
cosh (𝑎𝜂))

+
1

8
(𝜂2 sinh(𝑎𝜂) −

3

𝑎
(𝜂 cosh(𝑎𝜂) −

sinh (𝑎𝜂)

𝑎
)) . 

(32) 

The results coincide with equation (10) when Reynolds number is zero.  

The first derivative of 𝑓(𝜂) is given by  

 

 
𝑓′(𝜂) = 𝑏𝑐𝑜𝑠ℎ(𝑎𝜂) +

𝑏2𝑅𝑒
𝑎2

(cosh(𝑎𝜂) − 1)

+
2𝑏2𝑅𝑒

2

𝑎2
((
3

𝑎
𝜂 cosh(𝑎𝜂) −

sinh(𝑎𝜂)

𝑎
− 1)

+
𝑎2

8
(𝜂2 acosh(𝑎𝜂) − 𝜂sinh (𝑎𝜂)). 

(33) 

 

Now using the boundary condition  𝑓1
′(1) = 0, we can obtain the expression 

for b in the form 

= 

−(𝑐𝑜𝑠ℎ𝑎 − 1) + √4𝑠𝑖𝑛ℎ4𝑎 + 𝑎 (2 +
𝑎
2) + 𝑠𝑖𝑛ℎ𝑎 +

(𝑎3 − 8)𝑐𝑜𝑠ℎ2𝑎 − 12𝑐𝑜𝑠ℎ2𝑎

4
𝑅𝑒
𝑎2
(
3
2 𝑐𝑜𝑠𝑎 −

𝑎
2 𝑠𝑖𝑛𝑎 − 1 +

𝑎3

8 𝑐𝑜𝑠𝑎 −
𝑎2

8 𝑠𝑖𝑛𝑎)
 

                                                                                         (34) 

 

The volumetric flow rate is then given by  

 
       𝑉𝑚 = 2∫ 𝑓′(𝜂)𝑑𝜂

1

0

 , 

 

(35) 
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= 2 [
𝑏𝑠𝑖𝑛ℎ𝑎

𝑎
+
𝑏2

𝑎2
𝑅𝑒 (

𝑠𝑖𝑛ℎ𝑎

𝑎
− 1)

+
𝑏3𝑅𝑒
𝑎4

(
3𝑠𝑖𝑛ℎ𝑎

𝑎
− 𝑐𝑜𝑠ℎ𝑎 −

3

2
)

+
𝑎2

2
((1 +

3

𝑎2
) 𝑠𝑖𝑛ℎ𝑎 −

3

𝑎
𝑐𝑜𝑠ℎ𝑎)]. 

(36) 

𝑓′′(1) can be obtained by differentiating equation (33) and then considering 

𝜂 = 1 . 

 

6.4 RESULTS AND DISCUSSION  

 

The important results from present study are presented here in terms of 

pertinent dimensionless parameters. However, for practical considerations, 

we also mention some typical values of the corresponding dimensional 

parameters, as appropriate to the results subsequently obtained. 

 

Figure. 2: Distribution of 𝑉𝑚with 𝜂 different values of Reynolds number Re 

 

In finding the estimates, we have taken density, ρ = 1440kg.m−3, viscosity of 

the solute μ = 10−3kg.m−1s−1. Figure 2 illustrates the extent of variation in the 
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volumetric flow rate corresponding to different values of Reynolds number 

Re= 1.0, 2.0, 3.0, 4.0. The plots presented in this figure reveal that volumetric 

flow rate increases with a rise in the value of the Reynolds Re. The variation 

of f’ and f with  are shown in Figure 3 and Figure 4 respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3: Distribution of f’ with  for different 

values of Reynolds number Re 

 

Figure 4: Distribution of f with for different values 

of Reynolds number Re 
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6.5 CONCLUDING REMARKS 

 

The numerical results estimated are presented graphically in Figures 2-4. 

These figures illustrate the variation of the axial and transverse velocities in 

the channel flow of solute with change in Reynolds number Re. 

The present study deals with a theoretical investigation of solute flow through 

a porous soil under the action of an external force. The study is quite suitable 

for the application to the hydro-dynamical flow when it is subjected to the 

influence of an externally applied force. The solution to the nonlinear 

equations that govern the flow is obtained by using Adomian’s 

decomposition method which is a powerful and efficient technique to get 

analytical approximate solution of nonlinear ordinary or partial differential 

equations and is rapidly convergent [13,14].  
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7.1 PRESENT STUDY: 

Fluoride, mainly found as sodium fluoride or hydrogen fluoride which are 

present in minerals fluorspar, fluorapatite, topaz and cryolite, is the 13th most 

abundant element of the earth crust and represents about 0.3 g/kg of earth’s 

crust. The slow increase of fluoride concentrations in topsoil and as a result 

groundwater is caused by the fluoride content of soils which is inherited from 

parent material through atmospheric pollution and phosphatise fertilizers 

including industrial deposit. 

Fluoride, if taken in different concentrations, is a vital substance for humans 

in preventing cavity and in facilitating the mineralization of arduous tissues. 

However, the excessive levels of fluoride in the groundwater pose major 

public health challenges in many regions of the world [1]. The limit varies 

among countries and therefore the age of individuals exposed. World Health 

Organization (WHO) has set a limit between 0.5 and 1.0 mg/L [2].  

As per literature available on India, fluoride was first detected in Nellore 

district of Andhra Pradesh in 1937. More than one lakh villages, with more 

than 10 million people, stand to face disability and other serious health 

problems because of high Fluoride in their water across 22 States and more 

than 200 districts of India [3]. Rajasthan has the maximum number of 

Fluoride affected areas between 1 ppm-3 ppm, 3 ppm to 5 ppm and greater 

than 5 ppm [3]. 

The present study presents a mathematical approach for transport of fluoride 

ion in soil so as to facilitate the assessment and prediction of fluoride in soil 

and groundwater and devise appropriate techniques for reducing fluoride 

contamination and defluorination.  

The one -dimensional mathematical model in Chapter 3 is based on the soil 

column experiment conducted in laboratory [4]. The experimental conditions 

considered medium to be isotropic and homogeneous with steady state. Also, 
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initial and boundary conditions have been taken as per the soil column 

experiment [4]. The equations obtained have been solved using both 

analytical method and explicit finite difference scheme and it has been 

observed that analytical solutions offer a much better comparison as 

compared to numerical scheme. 

As a result of the good comparison observed between experimental values 

and analytical results, the transport of fluoride ion in presence of different 

soil environment that is presence of different salts with hydroxyl ions has 

been studied in chapter 6 for steady as well as transient state and again a good 

comparison has been obtained between the experimental values and the 

values obtained through analytical solution of mathematical model. 

The two-dimensional model has been presented in Chapter 4 as an extension 

of the one-dimensional mathematical model in order to assess and predict 

fluoride ion transport in longitudinal and transverse directions. The model is 

developed for isotropic, homogeneous and steady state conditions 

considering the flow velocity to be constant. The hypothetical study indicates 

that the effect of fluoride contamination is not uniform but decreases as we 

move away from origin along either longitudinal or transverse direction. In 

chapter 5 an attempt has been made to offer a new solution in the form of 

Laplace Adomian Decomposition method to understand the transport of a 

chemical ion in soil. 

7.2 FUTURE SCOPE AND PROSPECTS OF THE WORK: 

Mathematical models play important role in codifying the present knowledge 

and identifying the knowledge gaps, so as to help in assessment and 

prediction of contaminant transport. The proposed analytical solution 

presents an effective and useful model for further application to verify the 

newly developed numerical transport model for predicting the time-

dependent transport of contaminants. The mathematical models, proposed in 



 

143 
 

the study can be applied to field problems where the hydrological properties 

of the medium and prevailing boundary and initial conditions are the same 

as, or can be approximated by, the ones considered in this study. 

However, the present model is not immune to amendment as the hydrological 

conditions considered for the medium and flow conditions are not ideal as in 

the study. The vadose zone is highly complex and is not a homogeneous and 

isotropic medium as considered in the study. The field situations are quite 

different from the laboratory conditions and therefore, the present model has 

its limitations in predicting confidently the presence of fluoride ion in a 

regional aquifer. Future works in developing a model for fluoride transport 

must include actual filed like situations. Also, the present mathematical 

model may be solved using different numerical schemes of finite difference 

and finite element or finite volume method and the results so obtained may 

be validated with the experimental or actual field like situations. 

Plans for design and operation of the sitewide monitoring system of fluoride 

contamination and removal of fluoride can be supported by mathematical 

models that incorporate the uncertainties from alternative conceptual models. 

New results obtained by characterization of the vadose zone and monitoring 

can be used to test and improve the mathematical models. 
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SUMMARY 

The thesis is divided into seven chapters.  

The first chapter gives an introduction about the soil characteristics, its 

composition, genesis. The solute transport processes for the transport of   

contaminants in soil and basic mathematical equations governing the 

transport of contaminant in soil with different possible solution techniques 

have been discussed. Thus, the need for a mathematical model, with an 

underlying physical concept, to assess its transport in soil and as a result in 

groundwater is necessitated.  

The second chapter is about the review of literature undertaken for a 

comprehensive understanding of fluoride in soil. The different fluoride 

producing sources and factors affecting its availability in soil have been 

studied. The chapter also compiles the study of model for solute transport in 

rivers based on advection-dispersion equation for transport in the main 

channel with a sink term describing diffusive solute transfer to the hyporheic 

zone and the analytical solutions of one-dimensional solute transport 

problems with different initial and boundary conditions, in finite as well as 

semi-finite domain. 

The third chapter entitled Mathematical Formulation and Solution for 

Fluoride Ion Transport in Soil studies the fluoride transport process modelled 

on the soil water column experiment conducted in the laboratory by Saxena 

and Rani. The soil column experiment is the study of leaching kinetics of F- 

by loading KF on undisturbed vertical soil column of the soil collected from 

Sambhar region of Rajasthan. In the soil column experiment soil columns 

were prepared surrounded by glass jacket of continuously flowing thermostat 

water. 60 g soil of pH 8.2 and of particle size (53>r) was gently packed at 

water filled porosity 0.315 𝑐𝑚3/𝑐𝑚3. 



 

 
 

In each experiment, a fixed volume of aqueous salt solution (slug) with 

desired anion concentration (KF) was added at the top of the soil column and 

was allowed to get adsorbed uniformly in the column for 24 hrs, after which 

the column was continuously leached with de-ionized water or with other 

extractant as per requirement of the study [13]. The flow rate of extractant 

measured was constant (2+0.5 ml/10 min). Till the soluble anions were 

completely removed, leaching was carried out. After which, the column soil 

was transferred into the beaker in a known volume of extractant and his salt 

solution was stirred for 2 hrs. The ion concentration was further determined 

in the filtrate of the soil suspension to ensure the complete removal of soluble 

ions from the soil in the column. The total leachable concentration was taken 

equal to the total leachable concentration present initially during leaching 

(i.e. concentration t=0). The concentration of ions was determined in leachate 

collected periodically at an interval of 2 min, during each kinetic run. 

While developing the mathematical model soil column has been assumed to 

be a homogeneous and isotropic porous medium that is having same water 

content, bulk density and retention factor. Only the vertical steady-state flow 

of water perpendicular to the soil layer is investigated. Also, the application 

of fluoride as a contaminant is considered to be pulse type as per the 

laboratory experimental conditions. The contaminant is considered as 

degrading type with first order degradation. 

The governing one-dimensional advective–dispersive transport equation 

considering equilibrium sorption and first-order degradation constant of ion 

as observed in the soil column experiment is written as   

 
𝜕(𝜃[𝐹−])

𝜕𝑡
+
𝜕(𝜌𝑆)

𝜕𝑡
= 𝐷 {

𝜕2(𝜃 [𝐹−])

𝜕𝑧2
} − 𝑞

𝜕[𝐹−]

𝜕𝑧
− 𝜃𝑘[𝐹−] (10) 

Where [𝐹−] = concentration of leached fluoride ion in the solution phase, S= 

concentration of the ion in the adsorbed phase, θ= volumetric water content; 

q= Darcy’s Flux; k= first order degradation constant for fluoride ion, D= 



 

 
 

Dispersion coefficient, 𝜌 = soil bulk density, 𝑧 = is vertical coordinate 

measured vertically downwards, 𝑡 = is time in sec. 

The equation is solved analytically as well as numerically assuming pulse 

type boundary conditions with some initial concentration of fluoride already 

present in soil. The values of the parameters to be used are taken as used in 

soil column experiment. The analytical solution is obtained using the Laplace 

Transform technique. Because of the relatively small imposed mathematical 

boundary conditions, the analytical solution for a semi-infinite system should 

provide close approximations to analytical solutions that are applicable to 

physical well-defined system. The numerical solution of the one -

dimensional advective–dispersive transport equation is obtained by 

employing an explicit finite-difference numerical technique by discretizing 

space and time, considering equilibrium sorption and first-order degradation 

for solute concentration in the solution phase. The results obtained both 

analytically and numerically for   leachable fluoride remaining at time t in 

the soil column at different values of added fluoride are represented 

graphically. The pore volume and relative concentration profile for leached 

fluoride concentration are also represented graphically.  

The study of graphs shows that analytical results are more comparable to 

experimental results as compared to the numerical results. The numerical 

simulation also exhibits a fair comparison of the experimental and simulated 

values. The one-dimensional model provides valuable insights into the 

processes that are involved in transport of fluoride in soil systems. 

In realistic situations for example in an aquifer or field the transport of 

fluoride takes place in both vertically downward and horizontal direction. 

Therefore, in chapter 4, a two-dimensional model for fluoride transport in 

soil has been presented in which, the transverse component of velocity and 

dispersion coefficients are also considered along with the longitudinal 

components. The initial and pulse-type boundary conditions have been 



 

 
 

considered.  The longitudinal and transverse seepage velocities have been 

taken to be constant. The properties of soil column experiment are extended 

to the two-dimensional model also and therefore in the model it is assumed 

that the soil medium to be homogeneous, isotropic saturated and of semi-

infinite in horizontal plane. Since fluoride is reactive in nature and has the 

tendency to get adsorbed in the medium retardation factor and a first order 

decay term as a constant is also considered. Since, in the earlier chapter for 

one dimensional model, the analytical solution shows more comparison with 

observed experimental values, the solution for two-dimensional model is 

obtained analytically by employing Laplace Transform technique. 

The concentration values of fluoride have been obtained from the analytical 

solution in the presence of initial fluoride concentration for a chosen set of 

numerical values of the different variables and represented graphically. 

This study based on hypothetical numerical values of different parameters 

indicates that the effect of fluoride pollutant is not uniform but decreases as 

we move away from origin along either direction or horizontal plane. The 

proposed model and solution can be applied to field problems where the 

hydrological properties of the medium and prevailing boundary and initial 

conditions are the same as, or can be approximated by, the ones considered 

in this study. 

The transport of fluoride, in presence of chemical moieties present in soil 

environment and groundwater, in porous media undergoes various chemical 

changes through advection, diffusion and dispersion. In addition, it involves 

other mechanisms like rate-limited sorption and desorption, biodegradation, 

and chemical reaction. In Chapter 5 a one-dimensional advection diffusion 

mathematical model to assess the transport of fluoride in presence of 

chemical moieties present in soil environment has been presented. The model 

is again based on the soil water column experiment for fluoride transport, 

wherein the soil column is loaded with Sodium Fluoride (NaF) and the 



 

 
 

presence of OH- ions is varied by diluting the extractant with Sodium 

Hydroxide (NaOH), Potassium Hydroxide (KOH) and Ammonium 

Hydroxide (NH4OH). In hydrolysis the chemical speciation of an organic 

contaminant gets changed. In this, as a result of the reaction of the fluoride 

salt with water, an exchange of some functional group from the salt with a 

hydroxyl (OH-) group takes place. The extent of fluoride ion contamination 

attenuation by both bio degradation and hydrolysis depends on the chemical 

properties of the contaminant as well as the aqueous medium. The 

transformation processes in present case is shown to be following a first-

order kinetic reaction. The experimental setup resembles the onsite 

conditions where presence of different salts in soil leads to change of pH of 

soil. The experimental conditions have been taken to be same as considered 

in chapter 3. The soil column has been assumed to be a homogeneous and 

isotropic porous medium that is having same water content, bulk density and 

retention factor.  

However, in this chapter, the one-dimensional model is presented for vertical 

transient-state flow of water perpendicular to the soil layer and in order to 

compare the results with soil column experiment the steady state is 

considered as a special case. The transient flow of velocity has been 

considered exponential in one case and sinusoidal for another case. The 

solution of the model is obtained analytically and results obtained for 

leachable fluoride vs time have been plotted for steady state and transient 

state in presence of different hydroxides. 

It has been observed that under transient flow conditions, for the exponential 

form of velocity, the leachable fluoride ion concentration decreases faster 

than in the sinusoidal form of velocity. The concentration levels for 

sinusoidal form of velocity are higher than that of exponential form of 

velocity. 

 



 

 
 

From the results it is obtained that increased fluoride leaching takes place 

with increase in OH- concentrations as the radii of F- and OH- ions are 

comparable and an exchange of F- and OH- ions is inevitable. The cation 

attached to OH- ion which affected F- leaching significantly, the maximum 

being with Ammonium Hydroxide (NH4OH) and minimum with Potassium 

Hydroxide (KOH). Ammonium 𝑁𝐻4
+ions which can carry at least 4 F- ion 

through H-F bond [22] result in highest leaching as a result the leachable 

fluoride concentration is more in the order of KOH>NaOH>NH4OH. 

The analytical results obtained for steady state are in consonance with the 

experimental values and therefore offer good comparison. The model can be 

used to represent realistic conditions where field conditions are same as in 

the study. 

Chapter 6 represents an attempt to model chemical ion transport through soil 

using Laplace Adomian Method. The effect of an external pressure / force in 

the form of gravitational force on flow through a porous medium has been 

studied by assuming the flow to be Newtonian. The chapter employs Laplace 

Adomian Decomposition Method to solve the equation for boundary layer 

flow of an incompressible fluid in the absence of pressure gradient. The 

rapidly converging analytical approximate solution of nonlinear ordinary or 

partial differential equation is given by decomposition method. The choice 

of operator determines the speed of convergence. The operator may be a 

highest-ordered differential operator or a combination of linear operators or 

a multidimensional operator. To handle the nonlinear terms, the method does 

not take the help of any simplification. The use of decomposition parameter 

is made only to group the terms. The study has been carried out for the flow 

in soil subject to external forces like gravity. 

The extent of variation in the volumetric flow rate corresponding to different 

values of Reynolds number Re= 1.0, 2.0, 3.0, 4.0 has been evaluated and 

graphically represented. The plots presented reveal that volumetric flow rate 

increases with a rise in the value of the Reynolds Re. The results show 



 

 
 

variation of the axial and transverse velocities in the channel flow of solute 

with change in Reynolds number Re. The study is quite suitable for the 

application to the hydro-dynamical flow when it is subjected to the influence 

of an externally applied force. The solution to the nonlinear equations that 

govern the flow is obtained by using Adomian’s decomposition method 

which is a powerful and efficient technique to get analytical approximate 

solution of nonlinear ordinary or partial differential equations and is rapidly 

convergent.  

In chapter 7 future scope and prospects of the study have been discussed. The 

one-dimensional model presented in the study has offered good comparison 

with experimental results. However, the present model is not immune to 

amendment as the hydrological conditions considered for the medium and 

flow conditions are not ideal as considered in the study. The vadose zone is 

highly complex and is not a homogeneous and isotropic medium as 

considered in the study. The field situations are quite different from the 

laboratory conditions and therefore, the present model has its limitations in 

predicting confidently the presence of fluoride ion in a regional aquifer. 

Future works in developing a model for fluoride transport must include actual 

filed like situations. Also, the present mathematical model may be solved 

using different numerical schemes of finite difference and finite element or 

finite volume method and the results so obtained may be validated with the 

experimental or actual field like situations. 

Plans for design and operation of the sitewide monitoring system of fluoride 

contamination and removal of fluoride can be supported by mathematical 

models that incorporate the uncertainties from alternative conceptual models. 

New results obtained by characterization of the vadose zone and monitoring 

can be used to test and improve the mathematical models. 
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Abstract 

The paper deals with a theoretical study of chemical ion transport in soil under a 

uniform external force in the transverse direction, where the soil is taken as porous 

medium. The problem is formulated in terms of boundary value problem that 

consists of a set of partial differential equations, which is subsequently converted 

to a system of ordinary differential equations by applying similarity transformation 

along with boundary layer approximation. The equations hence obtained are solved 

by utilizing Laplace Adomian Decomposition Method (LADM). The merit of this 

method lies in the fact that much of simplifying assumptions need not be made to 

solve the non-linear problem. The decomposition parameter is used only for 

grouping the terms; therefore, the nonlinearities is handled easily in the operator 

equation and accurate approximate solution are obtained for the said physical 

problem.  The computational outcomes are introduced graphically. By utilizing 

parametric variety, it has been demonstrated that the intensity of the external 

pressure extensively influences the flow behavior. 

Keywords: Porous medium; Adomian’s decomposition method; Laplace 

transformation, Reynolds number 
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Most of the phenomena occurring in nature are non-linear. In the biological world, 

non-linearity is a common problem. Modelling different problems of soil science, 

for example, fluid flow in soil involves nonlinear partial differential equations. 

Khuri (2001) proposed a numerical Laplace decomposition algorithm to solve a 

class of nonlinear differential equations. Yusufoglu (2006) applied this method for 

the solution of Duffing equation. Nasser and Elgazery (2008) used this method to 

solve Falkner-Skan equation. The numerical system essentially outlines how the 

Laplace Transform might be utilized to solve the nonlinear differential equations 

by utilizing the decomposition technique. 

 

For solving a certain class of problems, it is found that application of a combination 

of Laplace transform method and Adomian decomposition method namely Laplace 

Adomian decomposition method (LADM) is very useful. Some further discussion 

on this method has been made by Babolian et al. (2004) and Biazar et al. (2004). 

The method was used by Wazwaz (2010) in handling Volterra integro-differential 

equations and by Dogan (2012) for solving a system of ordinary differential 

equations. Jafari and Jassim (2015) discussed numerical solutions of telegraph and 

Laplace equations on cantor sets using local fractional Laplace decomposition 

method. Pirzada and Vakaskar (2015) discussed solution of fuzzy heat equations 

using Adomian Decomposition method.  

 

In the present paper, the effect of an external pressure / force on flow through a 

porous medium has been analysed by assuming the flow to be Newtonian as studied 

by Raptis and Perdikis (1983) and Sacheti (1983). The analysis is carried out by 

employing Laplace Adomian Decomposition Method as discussed by Adomian 

(1986) and Adomian and Cherruault (1993), Adomian and Cherruault (1995) and 

some important predictions can be made on the basis of the present study. The 

advantage of decomposition method is to give analytical approximate solution of 

nonlinear ordinary or partial differential equation which is rapidly convergent as 

shown by Adomian and Cherruault (1993), Adomian and Cherruault (1995). The 

speed of convergence depends upon the choice of operator which may be a highest-

ordered differential operator or a combination of linear operators or a 

multidimensional operator. This method does not take the help of any simplification 

for handling the nonlinear terms. Since the decomposition parameter is used only 

for grouping the terms, therefore, the non-linearities can be handled easily in the 

operator equation and accurate approximate solution may be obtained for any 

physical problem. The study has been carried out for the flow in soil subject to 

external forces like gravity. 

 

 

 

 



 

 
 

2.  Mathematical Modeling of the Problem 

Nomenclature: (x, y) : Cartesian coordinates of a point, (u, v): Velocity 

components along x- and y- directions, U0 : Characteristic velocity, F0 : Applied 

external force, k : Permeability of porous matrix, h : Half-width of channel, η : Non-

dimensional distance, μ: Coefficient of viscosity, ν : Kinematic viscosity of solute, 

ρ : Density of solute, Re : Reynolds number. 

A transport system mainly consists of three-dimensional (3D) vessels. However, in 

some cases, such as in micro-vessels of soil it is approximately 2D and it can be 

considered as channel flow. A physical sketch of the geometry is shown in Figure 

1. The x-axis is taken along the centre line of the channel, parallel to the channel 

surface and y-axis in the transverse direction. The flow is taken to be symmetric 

about x-axis as studied by Sharma (2016).  

 

 

 

 

 

 

 

 

Figure 1: Physical Sketch of the Problem 

However, the solutions of multidimensional transient flow of any solute can be 

obtained by numerical modeling, their applications are limited in the field. From a 

hydrological perspective, Pirzada and Vakaskar (2015) discussed that solute 

movement in soil and its spatial distribution can largely be controlled by the water 

fluxes of the groundwater. For an improved understanding of the magnitude of these 

fluxes, accurate estimates of the temporal and spatial water uptake patterns are 

needed.  

    

Let u  and v  be the velocity components along x- axis and y-axis respectively and 

F0  be the applied external pressure. In the absence of pressure gradient, the equation 

for boundary layer  

flow of an incompressible fluid is 



 

 
 

 
𝑢
𝜕𝑢

𝜕𝑥
+ 𝜈

𝜕𝑢

𝜕𝑦
= 𝜐

𝜕2𝑢

𝜕𝑦2
−
𝜐

𝑘
𝑢 −

𝐹0
2𝑢

𝜌
 , (11) 

and the continuity equation is  

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (12) 

where  the density of solute,   is the kinetic coefficient of viscosity and k denotes 

the permeability of the porous medium. Assuming that the flow is symmetric about 

the central line 0y =  of the channel, we focus our attention to the flow in the region 

0 y h  only. Then the boundary conditions to be taken care of are as follows: 

 𝑢 = 𝜈 = 0        𝑎𝑡   𝑦 = ℎ, (13) 

 and  

 𝜕𝑢

𝜕𝑦
= 0, 𝜈 = 0     𝑎𝑡  𝑦 = 0. (14) 

We now introduce the non-dimensional quantities defined by 

  
𝜁 =

𝑥

ℎ
  , 𝜂 =

𝑦

ℎ
  , 𝑢 =

𝑈0
ℎ
𝑓′(𝜂), 𝜈 = −𝑈0 𝑓(𝜂), (15) 

where U0  is the characteristic velocity. 

It may be noted that the continuity equation (2) is automatically satisfied. 

In terms of the non-dimensional variables, Equation (1) reads 

  𝑓′′′ + 𝑅𝑒(𝑓𝑓
′′ − 𝑓′2) − 𝑓′𝐻 = 0. 

 
(16) 

Where Re and K are the Reynolds number and porosity permeability parameter 

respectively, defined by 

  
𝑅𝑒 =

𝑈0ℎ

𝜈
, 𝐾 =

𝑘

ℎ2
  , 𝐻 = [𝐹0

2 +
1

𝐾
]. 

 

(17) 

With the use of transformation (5), the boundary conditions (3) and (4) become 

  𝑓′ = 𝑓 = 0    𝑎𝑡  𝜂 = 1, (18) 

 and             

  𝑓 = 𝑓′′ = 0   𝑎𝑡  𝜂 = 0. (19) 

The equation (6) reduces to 

𝑓′′′ − 𝑓′𝐻 = 0, 

when Reynolds number  Re  is zero and have solution of the form 

𝑓 = 𝐶1 + 𝐶2𝑒
𝑎𝜂 + 𝐶3𝑒

−𝑎𝜂 , 

where     𝑎 = √𝐻. 



 

 
 

At  𝜂 = 0 , 𝑓 = 0 , 𝑓′′ = 0 , gives  𝐶1 + 𝐶2 + 𝐶3= 0 and  𝑎2𝐶2 + 𝑎
2𝐶3 = 0. 

implying 

𝑓 = 2𝐶2𝑠𝑖𝑛ℎ𝑎𝜂,  

 and       𝑓′ = 2𝑎𝐶2𝑐𝑜𝑠ℎ𝑎𝜂.  

If  𝜂 = 0 and 𝑓′(0) = 𝑏 

  
𝑓 =

𝑏

𝑎
𝑠𝑖𝑛ℎ𝑎𝜂. (20) 

 

3.  Analysis of the Model 

 

In this section, in order to analyse the model, we first solve equation (6) subjected 

to the boundary conditions (8) and (9). For this purpose, we use the Laplace 

Adomian Decomposition Method (LADM) as shown by Turkyilmazoglu (2015) 

and Turkyilmazoglu (2017). In the first step, we consider the Laplace 

transformation of equation (6), whereby we get 

   𝐿[𝑓′′′] + 𝑅𝑒𝐿[𝑓𝑓
′′ − 𝑓′2] + 𝐻𝐿[𝑓′] = 0, (21) 

Here and in the sequel, L[F] stands for the Laplace transform of the function F. 

Using the property of the Laplace transform, we have 

  𝑠3𝐿[𝑓] − 𝑠2𝑓(0) − 𝑠𝑓′(0) + 𝑅𝑒𝐿[𝑓𝑓
′ − 𝑓′2] − 𝐻[𝑠𝐿[𝑓] − 𝑓(0)]

= 0 
(22) 

Using the boundary condition (9), from equation (12) we obtain  

  𝑠(𝑠2 − 𝐻)𝐿[𝑓] = −𝑅𝑒𝐿[𝑓𝑓
′′ − 𝑓′2] + 𝑠𝑓′(0), (23) 

Writing  𝑓′(0) = 𝑏  (where b is a constant), equation (13) assumes the form  

  
𝐿[𝑓] =

𝑏

𝑠2 − 𝐻
−

𝑅𝑒
𝑠(𝑠2 − 𝐻)

𝐿[𝑓𝑓′′ − 𝑓′2]. (24) 

Following Adomian Decomposition Method, we assume the solution for f in the 

form of an infinite series: 

  
𝑓 = ∑𝑓𝑛

∞

𝑛=0

, (25) 

To write it in the form   

  
𝜙(𝜂) = 𝑓𝑓′′ − 𝑓′2   ;   𝜙(𝜂) = ∑𝐴𝑛

∞

𝑛=0

, (26) 

where 𝐴𝑛 = 𝐴𝑛(𝑓0, 𝑓1,…..,𝑓𝑛), are the so-called Adomian polynomials [Adomian 

(1986)] . To find  An,  we introduce a scalar 𝜆 such that  

  
𝑓(𝜆) = ∑𝜆𝑛𝑓𝑛

∞

𝑛=0

, (27) 



 

 
 

The parameter 𝜆 ,used in (17) is not a perturbation parameter; it is used only for 

grouping the terms of different orders. Thus, the parameterized form of (16) is given 

by  

  
𝜙(𝜆) = ∑𝜆𝑛 (∑𝑓𝑖𝑓𝑛−𝑖

′′

∞

𝑖=0

−∑𝑓𝑖
′𝑓𝑛−𝑖
′

∞

𝑖=0

)

∞

𝑛=0

. (28) 

From the definition of Adomian polynomials, it follows that   

  
𝐴𝑛 =

1

𝑛!

𝑑𝑛

𝑑𝜆𝑛
(𝜙(𝜆))𝜆=0. (29) 

Now substituting (18) into (19), we get 

𝐴0 = 𝑓0
′𝑓0 − 𝑓0

′2, 

𝐴1 = 𝑓0𝑓1
′′ + 𝑓1𝑓0

′′ − 2𝑓0
′𝑓1
′, 

𝐴2 = 𝑓0
′′𝑓2 + 𝑓1

′′𝑓1 + 2𝑓0
′𝑓2
′′ − 𝑓1

′2, 

 𝐴3 = 𝑓0
′′𝑓3 + 𝑓1

′′𝑓2 + 𝑓2
′′𝑓1 − 𝑓3

′𝑓0 − 2𝑓0
′𝑓3
′ − 2𝑓1

′𝑓2
′ , (20) 

and so on. Substitution of equations (15) and (16) into the equation (14), further 

yields 

 
𝐿 [∑𝑓𝑛

∞

𝑛=0

] =
𝑏

𝑠2 − 𝐻
−

𝑅𝑒
𝑠(𝑠2 − 𝐻)

𝐿 [∑𝐴𝑛

∞

𝑛=0

] . 

 

(21) 

Matching both sides of equation (21) yields the iterative algorithm: 

 
𝐿[𝑓0] =

𝑏

𝑠2 − 𝐻
 , 

 

(22) 

 
𝐿[𝑓1] = −

𝑅𝑒
𝑠(𝑠2 − 𝐻)

𝐿[𝐴0], 
(23) 

 
𝐿[𝑓2] =

𝑅𝑒
𝑠(𝑠2 − 𝐻)

𝐿[𝐴1], 
(24) 

 𝐿[𝑓3] =
𝑅𝑒

𝑠(𝑠2−𝐻)
𝐿[𝐴2],  

 

(25) 

and so on. Now considering the inverse Laplace transform of equation (22) the 

following value of  f0  is obtained for  𝑎 = √𝐻  :  

 

 
𝑓0 =

𝑏

𝑎
sinh(𝑎𝜂) . 

 

(26) 

The first Adomian polynomial A0 calculated from eqns. (20) and (26) is found in 

the form  

 

 𝐴0 = −𝑏2. 
 

(27) 

Since 𝐿[𝐴0] = [−𝑏
2] = −

𝑏2

𝑠
;  by applying Laplace inversion, we obtain  



 

 
 

 
𝑓1 =

𝑏2𝑅𝑒
𝑎2

(
1

𝑎
sinh(𝑎𝜂) − 𝜂). 

(28) 

Proceeding in a similar manner, using (20) and (28), we calculate the second 

Adomian polynomial A1 given by 

 
𝐴1 = −

2𝑏2𝑅𝑒
𝑎2

−
𝑏3𝑅𝑒
𝑎

𝜂 sinh(𝑎𝜂) +
2𝑏3𝑅𝑒
𝑎2

cosh(𝑎𝜂). 
(29) 

Next, we find the Laplace transformation of A1 given by (29), substitute it in (24) 

and then consider Laplace inversion. Thus, we have found the expression of  f2  

given below. 

 
𝑓2 =

2𝑏3𝑅𝑒
𝑎2

[
1

𝑎2
(
1

𝑎
sinh(𝑎𝜂) − 𝜂 −

1

2𝑎2
(𝜂 cosh(𝑎𝜂) −

sinh(𝑎𝜂)

𝑎

+
1

8
(𝜂2 sinh(𝑎𝜂) −

3

𝑎
(𝜂 cosh(𝑎𝜂) −

sinh(𝑎𝜂)

𝜂
))] , 

(30) 

If we consider three-term approximation of the solution  

 𝑓 = 𝑓0 − 𝑓1 − 𝑓2, (31) 

By taking  𝜆 = 1 ; the calculated expression for f  reads 

 
𝑓(𝜂) =

𝑏

𝑎
sinh(𝑎𝜂) +

𝑏2𝑅𝑒
𝑎2

(
sinh(𝑎𝜂)

𝑎
− 𝜂)

+
2𝑏3𝑅𝑒

2

𝑎2
(
1

𝑎2
(
3

2𝑎
sinh(𝑎𝜂) − 𝜂 −

1

2
cosh (𝑎𝜂))

+
1

8
(𝜂2 sinh(𝑎𝜂) −

3

𝑎
(𝜂 cosh(𝑎𝜂) −

sinh (𝑎𝜂)

𝑎
)) . 

(32) 

The results coincide with equation (10) when Reynolds number is zero.  

The first derivative of 𝑓(𝜂) is given by  

 
𝑓′(𝜂) = 𝑏𝑐𝑜𝑠ℎ(𝑎𝜂) +

𝑏2𝑅𝑒
𝑎2

(cosh(𝑎𝜂) − 1)

+
2𝑏2𝑅𝑒

2

𝑎2
((
3

𝑎
𝜂 cosh(𝑎𝜂) −

sinh(𝑎𝜂)

𝑎
− 1)

+
𝑎2

8
(𝜂2 acosh(𝑎𝜂) − 𝜂sinh (𝑎𝜂)). 

(33) 

Now using the boundary condition  𝑓1
′(1) = 0, we can obtain the expression for b 

in the form 

 𝑏

=
−(𝑐𝑜𝑠ℎ𝑎 − 1) + √4𝑠𝑖𝑛ℎ4𝑎 + 𝑎 (2 +

𝑎
2) + 𝑠𝑖𝑛ℎ𝑎 +

(𝑎3 − 8)𝑐𝑜𝑠ℎ2𝑎 − 12𝑐𝑜𝑠ℎ2𝑎

4
𝑅𝑒
𝑎2
(
3
2 𝑐𝑜𝑠𝑎 −

𝑎
2 𝑠𝑖𝑛𝑎 − 1 +

𝑎3

8 𝑐𝑜𝑠𝑎 −
𝑎2

8 𝑠𝑖𝑛𝑎)
. 

 

(34

) 

The volumetric flow rate is then given by  

 
       𝑉𝑚 = 2∫ 𝑓′(𝜂)𝑑𝜂

1

0

 , 
(35) 



 

 
 

 

 
= 2 [

𝑏𝑠𝑖𝑛ℎ𝑎

𝑎
+
𝑏2

𝑎2
𝑅𝑒 (

𝑠𝑖𝑛ℎ𝑎

𝑎
− 1) +

𝑏3𝑅𝑒
𝑎4

(
3𝑠𝑖𝑛ℎ𝑎

𝑎
− 𝑐𝑜𝑠ℎ𝑎 −

3

2
)

+
𝑎2

2
((1 +

3

𝑎2
) 𝑠𝑖𝑛ℎ𝑎 −

3

𝑎
𝑐𝑜𝑠ℎ𝑎)]. 

(36) 

𝑓′′(1) can be obtained by differentiating equation (33) and then considering 𝜂 = 1  

 

4.  Results and Discussion 

  

We now present here the important results from our work in terms of pertinent 

dimensionless parameters. However, for practical considerations, we also mention 

some typical values of the corresponding dimensional parameters, as appropriate to 

the results subsequently obtained. 

 

 

 

 

 

 

 

 

 

 

Figure. 2: Distribution of 𝑉𝑚with 𝜂 different values of Reynolds numberRe 

 

 

  

 

Figure 3: Distribution of f’ with 

for different values of 

Reynolds number Re 

 

Figure 4: Distribution of f with

 for different values of 

Reynolds number Re 

 



 

 
 

In finding the estimates, we have taken density, ρ = 1440kg.m−3, viscosity of the 

solute μ = 10−3kg.m−1s−1. Figure 2 illustrates the extent of variation in the 

volumetric flow rate corresponding to different values of Reynolds number Re= 1.0, 

2.0, 3.0, 4.0. The plots presented in this figure reveal that volumetric flow rate 

increases with a rise in the value of the Reynolds Re. The variation of f’ and f with 

 are shown in Figure 3 and Figure 4 respectively. 

 

5.  Concluding Remarks 

 

The numerical results estimated are presented graphically in Figures 2-4. These 

figures illustrate the variation of the axial and transverse velocities in the channel 

flow of solute with change in Reynolds number Re. 

 

The present study deals with a theoretical investigation of solute flow through a 

porous soil under the action of an external force. The study is quite suitable for the 

application to the hydro-dynamical flow when it is subjected to the influence of an 

externally applied force. The solution to the nonlinear equations that govern the 

flow is obtained by using Adomain’s decomposition method which is a powerful 

and efficient technique to get analytical approximate solution of nonlinear ordinary 

or partial differential equations and is rapidly convergent as studied by Adomian 

and Cherruault (1993) and Cherruault et al (1995). 
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